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I.  INTRODUCTION  AND  PRELIMINARY  RESULTS 

1 .  Introduction 

A  graph  G  is  a  set  of  elements  V(G),  called  vertices  and  a  multiset  E(G)  of  unordered  pairs  of 
vertices,  called  edges.  If  u  and  v  are  the  vertices  of  the  edge  e,  then  this  relation  is  denoted  by  u 
v,  which  can  be  read  as  “u  is  adjacent  to  v.” 

A  multiple  interval  representation  (or  simply  representation)  R  of  a  graph  G  is  a  collection 
[R(u) :  u  €  V)  of  finite  sets  of  closed  bounded  intervals  of  the  real  line  so  that  u  v  if  and  only  if 
there  exists  9U  e  R(u),  0V  e  R(v)  with  0U  n  0V  *  0.  Unless  otherwise  specified,  “interval”  is  as¬ 
sumed  to  mean  “interval  of  the  real  line.”  We  will  use  R  to  mean  either  the  representation  or  the  entire 
collection  of  intervals.  The  size  of  R  is  the  number  of  intervals  in  the  entire  collection  and  is  denoted 
!/?l.  The  total  interval  number  of  G  is  the  minimum  size  of  a  represention  of  G  and  is  denoted 
1(G).  We  will  assume,  without  affecting  /,  thru  no  two  endpoints  of  intervals  in  any  representation 
coincide  and  that  no  intervals  corresponding  to  the  same  vertex  have  a  non-empty  intersection. 

Below  we  give  two  representations  of  a  graph.  We  will  use  the  coloring  of  the  edges  in  Figure 
1. 1.1(a)  and  the  coloring  of  the  intervals  in  Figure  1.1.1(b)  in  §1.6. 


u  x 


Figure  1.1.1(a):  G  Figure  1.1.1(b):  R  Figure  1.1.1(c) 


In  §1.3,  we  will  show  that  1(G)  >7  and  so  both  representations  arc  optimal.  We  will  make  further 
use  of  this  example  in  §1.6  and  §n.3. 

This  thesis  discusses  the  total  interval  number.  In  particular,  we  find  upper  bounds  on  /  for  vari¬ 
ous  classes  of  graphs.  There  are  two  types  of  upper  bounds.  The  first  is  in  terms  of  the  number  of 
vertices  and  the  second  is  in  terms  of  the  number  of  edges. 

There  are  five  remaining  divisions  of  §1.  In  §1.2.  we  introduce  some  standard  graph  theoretic 
terms  and  results  that  are  not  specifically  related  to  the  study  of  the  total  interval  number.  These  are 
well  known  to  most  graph  theorists  and  are  included  to  make  the  thesis  accessible  to  any  mathemati¬ 
cian.  In  §1.3,  we  give  a  brief  background  of  the  total  interval  number.  In  particular,  we  introduce  the 
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related  parameter,  interval  number.  In  §1.4  and  §1.5,  we  summarize  the  results  that  are  proved  in  §11 
and  §01  and  relate  these  results  to  the  analogous  results  for  the  interval  number.  Many  of  the  defini¬ 
tions  that  are  given  in  §1.2  are  required  for  §1.3,  §L4,  and  §1.5.  In  §L6,  we  give  additional  terms  and 
results.  These  are  less  standard  and  more  intimately  related  to  the  study  of  /  than  the  terms  of  §1.2. 
They  are  included  in  §1  because  they  are  important  for  almost  all  of  §11  and  §HL 

2 .  Standard  Definitions 

Most  of  these  definitions  are  found  in  [6].  For  a  graph  G,  let  n(G)  denote  the  number  of  vertices 
and  m(G)  denote  the  number  of  edges  of  G.  If  e-  {u,v}  is  an  edge,  then  we  say  that  e  joins  u  and 
v,  u  is  adjacent  to  v,  e  is  incident  to  both  u  and  v,  and  the  endpoints  of  e  are  u  and  v.  If  e  = 
(u.v'},  then  we  say  that  e  and  e'  are  incident.  Furthermore,  we  will  use  {u,v}  and  uv  interchange¬ 
ably  to  denote  e.  If  there  is  no  edge  of  the  form  uu  and  no  two  edges  have  the  same  pair  of  endpoints, 
then  the  graph  is  called  simple.  If  we  wish  to  emphasize  that  a  graph  is  not  necessarily  simple,  then 
we  call  it  a  multigraph.  If  the  edge  uv  is  repeated,  then  we  call  uv  a  multiple  edge.  Most  of  the 
graphs  in  this  thesis  are  simple,  and  we  consider  /  only  for  simple  graphs.  An  isolated  vertex  is  one 
that  appears  in  no  edge.  Note  that  isolated  vertices  do  not  affect  the  total  interval  number.  In  particu¬ 
lar,  the  total  interval  number  of  any  graph  that  has  no  edge  is  zero. 

The  trivial  graph  is  the  graph  that  consists  of  one  vertex  and  no  edge  [6  p.  3].  A  subgraph  H  of 
G  is  a  graph  for  which  V(G)  2  V(H)  and  E(G)  □  E(H).  A  vertex-induced  (or  simply  induced) 
subgraph  HofG  is  a  subgraph  for  which  E(H)  ={ee  E(G) :  V(H)  a  e ),  i.e.,  all  edges  of  G  that 
have  both  endpoints  in  V(H).  An  independent  set  of  vertices  is  a  set  of  vertices  whose  induced 
subgraph  has  no  edge. 

A  walk  is  a  finite  non-null  sequence  <u\,...,ujc>  of  vertices  such  that  for  1  £  i  £  k  -  1,  u; 
ui+i  [6  p.  12].  The  ends  of  a  walk  <u\,...,uk>  are  «l  and  u*.  A  walk  is  closed  if  its  ends  are  equal. 
A  trail  is  a  walk  <ui . u*>  for  which  i  *  j  implies  that  [ui,Ui+\ }  *  [Uj,Uj+ 1  )•  The  set  of  ver¬ 
tices  of  a  trail  ctq . m*>  is  the  set  (u,- :  i  =  Note  that  these  are  not  necessarily  distinct. 

The  set  of  edges  of  a  trail  <u\,...Mk>  is  the  set  («,■«,■+ 1:  i  =  I _ k  -  l  ]  and  these  are  distinct. 

Since  we  consider  only  simple  graphs,  a  trail  is  specified  equally  well  by  its  sequence  of  vertices  or 
edges,  so  we  may  consider  either  of  these  or  the  subgraph  consisting  of  both  to  be  the  trail.  A  sub- 
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trail  of  <ui,...,uk>  is  a  trail  <ui,ui+i,...,ui+r>  where  1  £  /  and  /  +  /'<  k.  The  length  of  a  trail 
<«!,. .  .,w<>  is  k-  1,  the  number  of  edges  in  the  trail. 

A  path  is  a  trail  <ui,. ..,uk>  for  which  all  vertices  are  distinct.  The  distance  in  a  graph  G  be¬ 
tween  two  vertices  u  and  v  is  the  length  of  the  shortest  path  in  G  between  u  and  v.  A  cycle  is  a  trail 
<uo,.  ..Mk- 1>  for  which  uo-uk-i  and,  other  than  this,  all  vertices  of  the  trail  are  distinct.  To  reflect 
the  cyclic  structure,  we  will  use  for  a  cycle  whose  trail  notation  is  Thus, 

if  u,  v,  and  w  are  distinct  vertices,  then  <u,v,w,u>  means  the  same  as  (uvw).  The  graph  that  consists 
entirely  of  a  single  cycle  with  k  edges  is  denoted  C*.  A  chord  of  the  cycle  (uqu\  . .  .Uk-\)  is  an  edge 
uiuf  where  0  </</'£  k  -  1  and  I /-/*!#  lfmod  p). 

A  Hamiltonian  cycle  is  a  cycle  that  contains  every  vertex,  and  a  graph  is  Hamiltonian  if  it 
contains  such  a  cycle.  A  Hamiltonian  path  is  a  path  that  contains  every  vertex. 

If  <u\,...,uk>  and  <uk,uk+i,...,uk+i>  are  two  trails,  then  the  concatenation  of  these  two  trails  is 

the  trail  <u\,...,uk,uk+l . ufc+/>  [6,  p.  12].  If  T\  and  T2  are  two  trails,  then  we  write  T1T2  to  denote 

their  concatenation. 

If  G  is  a  graph,  V  is  a  subset  of  V(G),  and  £'  is  a  subset  of  E(G),  then  the  graph  G  -  V’  is  the 
graph  obtained  by  deleting  the  vertices  of  V  and  any  edge  incident  to  any  vertex  of  V\  and  G  -  £'  is 
the  graph  obtained  by  deleting  £’.  If  V'  =  {a},  then  we  refer  to  G  -  {«}  by  G  -  u,  and  if  £'  =  { e }, 
then  we  refer  to  to  G  •  {e}  by  G  -  e. 

A  graph  G  is  connected  if,  for  any  u,v  €  V,  there  exists  a  path  <ui . uk>  such  that  u  =  u\  and 

v  =  uk ■  If  G  is  connected  but  G  -  u  (G  -  e)  is  not  connected,  then  u  (e)  is  a  cut-vertex  (cut- 
edge).  Cut-edges  of  a  connected  graph  are  precisely  those  edges  that  are  not  in  any  cycle.  A  block 
of  a  graph  is  a  maximal  induced  subgraph  with  no  cut-vertex;  note  that  it  is  possible  that  the  only  block 
of  G  is  G  itself. 

If  u  is  a  cut-vertex,  then  let  the  vertex-sets  of  G  -  u  be  V\ ,...,Vp  and  define  the  u-components  [6 
p.  1 19]  to  be  the  subgraphs  induced  by  Vi  u  {u},  V2  u  {«},...,  and  Vp  { u } . 

A  graph  whose  vertices  are  pairwise  adjacent  is  called  a  complete  graph  or  a  clique  and,  if  it 
has  n  vertices,  is  denoted  Kn. 

We  say  that  two  sets  intersect  if  their  intersection  is  non-empty.  If  {5,  }  *  is  a  collection  of  sets. 


then  the  intersection  graph  that  corresponds  to  {S/}  "  is  the  graph  with  vertices  {5,  }  ,n  and  edges 
given  by  v/  v;  if  and  only  if  S/  nSj*0.  If  the  S/'s  are  the  vertex-sets  of  the  blocks  of  the  graph 
G,  then  the  resulting  intersection  graph  is  called  the  block  graph  of  G  [5  p.  6]  and  is  denoted  B(G ). 
Every  block  of  a  block  graph  is  a  complete  graph  [5,  p.  46]  and  from  this  it  follows  that  there  is  a 
unique  shortest  path  between  any  two  vertices  of  a  block  graph. 

A  neighbor  of  a  vertex  u  is  a  vertex  v  for  which  u  v.  The  set  of  neighbors  of  u  is  denoted 
N(u).  The  valence  or  degree  of  a  vertex  u  is  the  number  of  edges  that  are  incident  to  u  and  is  de¬ 
noted  d(u).  If  necessary,  we  will  write  Nq(u)  or  dc(u)  to  emphasize  which  graph  is  under  considera¬ 
tion.  This  notation  is  particularly  useful  when  there  are  subgraphs  that  are  of  interest.  If  all  of  the 
vertices  of  a  graph  (or  multigraph)  have  the  same  degree,  then  it  is  called  regular,  and  if  this  degree  is 
k,  then  it  is  called  ^-regular. 

Suppose  that  G  is  connected  and  a  is  the  number  of  vertices  that  are  of  odd  degree.  It  is  well 
known  that  a  is  even  and,  if  a  >  1,  then  the  edges  can  be  partitioned  into  a/2  trails  and  no  fewer.  [6 
p.  53],  If  no  vertex  is  of  odd  degree,  then  there  is  a  trail  that  contains  all  of  the  edges  and  starts  and 
ends  at  the  same  vertex.  In  this  case,  G  is  called  Eulerian  and  the  trail  is  called  an  Euler  Tour  [6  p. 
51]- 

A  leaf  is  a  vertex  of  degree  one  and  a  leaf-edge  is  an  edge  that  is  incident  to  a  leaf.  A  bivalent 
vertex  is  a  vertex  of  degree  two.  A  triangle  is  a  set  of  three  vertices  that  are  pairwise  adjacent. 

An  independent  set  of  vertices  is  a  set  of  vertices  that  is  pairwise  non-adjacent.  A  bipartite 
graph  is  a  graph  G  for  which  V  can  be  partitioned  into  two  independent  sets,  called  its  partite  sets. 
A  complete  bipartite  graph  is  a  bipartite  graph  with  partite  sets  V  and  V"  and  for  which  u  s  V' 
and  u  e  V"  imply  that  u  is  adjacent  to  u'.  A  complete  bipartite  graph  with  partite  sets  that  have  sizes 
p  and  q  is  denoted  Kp and  K\,q  is  called  a  star  with  q  edges. 

A  forest  is  a  cycle  free  graph  and  a  tree  is  a  connected  forest.  It  is  easy  to  see  by  induction  that  if 
G  is  a  tree  with  n  vertices,  then  it  has  n  -  1  edges.  We  emphasize  that  the  definitions  of  leaf  and  leaf- 
edge  apply  to  any  graph  and  not  just  to  trees.  However,  it  is  true  that  any  tree  with  at  least  two  vertices 
has  at  least  two  leaves,  and  that  the  only  trees  that  have  exactly  two  leaves  are  paths.  A  peripheral 
vertex  of  a  tree  G  is  a  leaf  that  is  part  of  a  maximum  length  path.  A  branchpoint  is  a  vertex  with  de- 


If,  for  any  subset  V  of  V,  where  IV1  <  k,  G  -  V'  is  connected,  then  we  say  that  G  is 
^-connected.  If,  for  any  subset  £'  of  £,  where  l£1  <  k,  G  -  £'  is  connected,  then  we  say  that  G  is 
£-edge-connected.  The  connectivity  of  G,  denoted  k (G),  is  defined  to  be  the  maximum  k  such 
that  G  is  ^-connected  if  G  *  K2,  and  1  if  G  =  K2.  The  edge-connectivity  of  G,  denoted  k'(G),  is 
the  maximum  k  such  that  G  is  ^-edge-connected.  The  minimum  of  the  vertex  degrees  is  denoted  5(G). 
It  is  easy  to  show  that  k  £  k’  <  5  [6  p.  43],  If  5(G)  >  2,  then  we  say  that  G  is  leafless.  We  also 
define  A(G)  to  be  the  degree  of  a  vertex  with  maximum  degree. 

A  graph  is  often  drawn  by  associating  a  point  in  £2  with  each  vertex  and,  for  each  edge  uv,  draw¬ 
ing  a  continuous  curve  between  u  and  v.  A  planar  graph  is  a  graph  that  can  be  drawn  in  £2  in  such 
a  way  that  no  pair  of  edges  intersects  except  at  a  vertex.  Such  a  drawing  is  called  an  embedding.  A 
plane  graph  is  a  planar  graph,  together  with  a  fixed  embedding;  we  identify  the  points  and  curves  of 
the  embedding  with  vertices  and  edges  of  the  graph.  A  face  of  a  plane  graph  is  a  maximal  connected 
region  of  the  plane  that  does  not  intersect  any  edge  or  vertex.  The  boundary  of  any  face  consists  of 
edges  and  vertices  and  we  say  that  these  are  incident  to  the  face.  We  will  identify  a  face  F  with  the 
graph  induced  by  the  edges  that  are  incident  to  F.  For  a  plane  graph  G,  let  <b(G)  be  the  number  of 
faces.  It  is  easy  to  use  induction  on  the  number  of  edges  of  G  to  prove  Euler's  formula,  which 
states  that  if  G  is  connected,  then  n(G)  -  m(G)  +  0/G)  =  2.  The  degree  of  a  face  is  the  number  of 
edges  that  are  incident  to  the  face,  where  cut-edges  are  counted  twice.  The  following  examples  illus¬ 
trate  this  idea. 


Figure  1.2.1(a):  G  Figure  1.2.1(b):  H 


Both  faces  of  G  are  of  degree  three.  The  unbounded  face  of  H  is  of  degree  five  and  the  bounded  face 
is  of  degree  three. 

For  any  plane  graph,  a  cut-edge  belongs  to  only  one  face  and  will  be  counted  twice  when  comput¬ 
ing  the  degree  of  that  face.  Other  edges  belong  to  two  faces  and  will  be  counted  once  each  when  com- 
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puting  the  degrees  of  these  faces.  By  adding  up  the  degrees  of  the  faces,  each  edge  is  counted  twice 
and  so  2 m-  where/!  is  the  number  of  faces  of  degree  i. 

The  dual  of  a  plane  graph  G  is  the  graph  G *  defined  as  follows  [6  p.  140].  Corresponding  to 
each  face  F  of  G  is  a  vertex  F*  of  G*.  If  e  e  E(G)  is  incident  to  two  faces  F\  and  Fi,  then  there  is  a 
corresponding  edge  between  Ff  and  F}.  If  e  is  a  cut-edge,  then  it  is  only  incident  to  one  face  F  and 
there  is  a  corresponding  edge  {F*,F*}  <=  E(G*).  Note  that  the  dual  might  not  be  simple. 

A  planar  graph  having  an  embedding  in  which  ail  of  the  vertices  lie  on  a  single  face  is  called  out- 
erplanar.  An  outerplanar  graph  with  no  cut-vertex  is  either  K2  or  a  cycle  with  some  non-crossing 
chords. 

We  subdivide  an  edge  uv  if  we  replace  it  by  a  new  vertex  w  and  new  edges  uw  and  wv.  We 
contract  an  edge  uv  by  replacing  u,  v,  and  their  incident  edges  by  a  new  vertex  w  with  N(w)  = 
Ng(u)  u  Nq(v)  -  {u,v}.  If  G  is  a  graph  with  an  edge  e,  then  we  use  G  •  e  to  denote  the  graph  G 
with  the  edge  e  contracted. 

3 .  History 

A  graph  G  is  an  interval  graph  if  it  is  the  intersection  graph  of  {S/}  .Jr  where  each  S;  is  an 
interval.  In  other  words,  an  interval  graph  is  simply  a  graph  whose  total  interval  number  equals  its 
number  of  non-isolated  vertices.  The  total  interval  number  is  one  of  several  parameters  used  to  gener¬ 
alize  the  concept  of  an  interval  graph. 

Interval  graphs  and  multiple  interval  representations  arise  in  many  “natural”  contexts.  Writing 
about  genetics,  Benzer  [3]  discussed  systems  of  intersecting  intervals  in  a  genetics  context  but  did  not 
discuss  the  resulting  graph.  Other  applications  for  interval  representations  include  scheduling  and 
avoiding  interference  in  a  cellular  phone  system.  Hajos  [14]  wrote  about  them  in  a  mathematical  con¬ 
text.  A  thorough  treatment  of  multiple  interval  representations,  including  applications,  is  given  by 
Roberts  [21]. 

There  are  several  well-known  characterizations  of  interval  graphs,  one  of  which  we  will  find  use¬ 
ful.  An  asteroidal  triple  is  a  set  of  three  vertices  x,  v,  and  c  with  the  following  property:  For  any 
two  vertices  of  f.r.y.r),  there  exists  a  path  having  no  vertex  adjacent  to  the  remaining  vertex  of 
{  r.y.c } .  A  triangulated  graph  is  one  for  which  any  cycle  with  at  least  four  edges  has  a  chord. 
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Theorem  1.3.1  [4],  A  graph  is  an  interval  graph  if  and  only  if  it  is  triangulated  and  has  no  aster- 
oidal  triple. 

This  theorem  often  allows  us  to  deduce  that  some  graphs  are  not  interval  graphs.  For  example,  the 
graph  of  Figure  1.1.1  has  an  asteroidal  triple  [x,yj)  and  so  it  is  not  an  interval  graph.  Since  the  graph 
has  six  vertices,  its  total  interval  number  must  therefore  be  at  least  seven  and  the  representations  of 
Figures  1.1.1  show  that  it  is  at  most  seven. 

It  is  not  surprising  that  most  graphs  are  not  interval  graphs.  Given  a  graph  G,  we  would  like  to 
measure  how  close  G  is  to  being  an  interval  graph.  Differing  criteria  of  “close”  lead  to  different  graph 
parameters.  For  example,  the  boxidty  is  defined  as  the  minimum  k  such  that  G  is  the  intersection 
graph  of  ^-dimensional  real  intervals.  More  closely  related  to  the  topic  of  this  thesis  is  the  interval 
number,  i(G)  of  a  graph  G,  which  is  defined  as  the  smallest  number  of  real  intervals  that  must  be  as¬ 
signed  to  some  vertex  in  order  to  obtain  a  multiple  interval  representation  of  G.  This  is  expressed  be¬ 
low. 

i(G)  =  min(max(\R(v)\:  v  €  V(G))  :  R  is  a  represention  of  G}  (1.3.1) 

Note  the  fundamental  relationship  /  <  ni,  to  which  we  shall  return  shortly. 

The  history  of  the  interval  number  is  much  longer  than  that  of  the  total  interval  number.  The  first 
results  on  i  appeared  in  1979,  when  Trotter  and  Harary  [15]  computed  i  for  trees  and  complete  bipartite 
graphs.  Although  the  notion  of  total  interval  number  is  suggested  in  several  papers  (e.g.  [13])  on  in¬ 
terval  number,  the  first  paper  dealing  with  total  interval  number,  by  Andreae  and  Aigner  [2],  will  not 
appear  until  1988.  In  the  past  decade,  many  results  on  i  that  are  analogous  to  the  results  of  this  thesis 
on  /  have  been  established.  In  §1.4  and  §1.5,  we  shall  state  what  our  results  are  and  compare  them 
with  these  results  for  i. 


JS  4 .  The  Total  Interval  Number  and  the  Number  of  Vertices 

In  §11,  we  will  compare  /  to  n  for  various  classes  of  graphs.  For  each  class,  we  will  find  an  upper 
l\  bound  on  /  in  terms  of  n  and  give  examples  to  show  that  the  bound  is  best  possible.  We  have  not  yet 

given  definitions  for  all  of  these  clases.  A  Husimi  tree  is  a  graph  for  which  every  block  is  a  clique. 

A  cactus  is  a  graph  for  which  every  edge  is  in  at  most  one  cycle  and  it  is  dense  if  every  edge  is  in 

I  * 

V 


exactly  one  cycle. 


The  classes  and  bounds  are  given  in  Table  1.4.1.  For  comparison,  we  include  the  analogous  re 
suits  for  ni  in  the  same  table. 

max[I(G) :  max{n(G)i(G) : 


Class _ n(  G)  =  n )  Reference _ n(G)  =  n }  Reference 


Trees 

in  -  } 

4 

[2],  §n.i 

In 

[15] 

Dense  Cacti 

1  In  -  4 

— s — 

§11.2 

In 

[23] 

Cacti 

18n  -  12 

— 0“ 

§n.2t 

In 

[23] 

Husimi  trees 

3n  -  4 

3 

§n.3 

In 

§1.4 

Outerplanar  Graphs 

3n  -  2 

§n.4# 

In 

[23] 

Planar  Graphs 

2/i  -  3 

§n.5* 

3/i 

[23] 

Simple  Graphs 

/!“  +  4 

4 

§n.6* 

rn  +  In 
ni  4  1 

[10],  [1] 

— 1 in  [2]. 

^Triangle-free  case  proved,  general  case  conjectured,  and  extremal  examples  given  in  [2]. 

Table  1.4.1 


Our  results  for  trees  are  more  extensive  than  for  other  classes  where  we  just  obtain  the  upper 
bound.  We  obtain  an  algorithm  for  constructing  an  optimal  representation  and  we  also  characterize 
those  trees  for  which  the  contraction  of  any  edge  reduces  the  total  interval  number  by  two. 

It  is  of  interest  to  note  that  the  only  classes  of  graphs  for  which  no  extremal  graph  is  triangle-free 
are  dense  cacti  and  Husimi  trees;  for  the  other  classes,  it  is  sufficient  to  consider  triangle-free  graphs  to 
show  that  the  results  are  best  possible. 

The  sequence  of  classes  in  Table  1.4. 1  is,  except  for  Husimi  trees,  an  ascending  sequence  of 
classes.  For  any  n,  there  are  additional  graphs  to  consider  at  each  step  of  the  sequence  and  so  the 
bounds  grow  with  the  classes.  Husimi  trees  is  included  as  another  way  of  generalizing  trees. 

Griggs  [10]  proved  the  bound  on  i  for  simple  graphs  and  used  ^n/2j,rn/2] to  show  that  it  is  best 
possible.  Andreae  [1]  showed  uniqueness  for  this  extremal  graph  when  the  number  of  vertices  is  di¬ 
visible  by  four,  and  later  showed  that  this  graph  is  also  the  unique  triangle-free  extremal  graph  when 
considering  /  [2].  He  also  obtained  bounds  for  i  in  terms  of  the  maximum  size  co  of  a  clique  in  trian¬ 
gulated  graphs.  Comparing  I  with  co  has  not  yet  been  tried  and  it  may  be  a  rich  topic.  The  reason  for 
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this  is  that  co  limits  the  number  of  intervals  that  can  overlap  at  a  certain  point  and  so  it  limits  the  number 


of  edges  that  a  fixed  number  of  intervals  can  represent  Using  this  idea,  it  is  not  hard  to  derive  the 


bound  /  > - +  co/2  and  this  would  be  a  good  place  to  start  an  investigation. 

co  -  1 


The  cacti  and  outerplanar  results  for  ni  are  corollaries  of  the  proof  for  planar  graphs.  We  complete 


the  comments  on  Table  1.4.1  by  showing  that  if  G  is  a  Husimi  tree,  then  i(G)  £  2. 


Theorem  1.4.1.  If  G  is  a  Husimi  tree,  then  there  is  a  representation  R  that  assigns  at  most  two 


intervals  to  each  cut-vertex  and  exactly  one  interval  to  each  other  vertex. 


Proof.  Let  y  be  the  number  of  cut-vertices;  we  use  induction  on  y.  If  y  *  0,  then  G  is  a  clique 


and  we  can  assign  [0,1]  to  each  vertex. 


If  y  >  1,  then  pick  a  cut-vertex  u  such  that,  except  for  at  most  one  u-component  of  G,  all 


u-components  of  G  arc  cliques.  If  all  u-components  are  cliques,  then  choose  one  of  the  u-components 
and  call  it  G'.  Otherwise,  let  G'  be  the  u-component  that  is  not  a  clique.  Note  that  u  is  not  a  cut-vertex 


of  G'.  Let  G"  be  the  union  of  rest  of  the  u-components  An  example  is  given  below. 


Figure  1.4.2;  Gray  areas  represeent  cliques. 


By  induction,  G'  has  a  representation  R'  that  assigns  only  one  vertex  to  u.  We  can  then  represent 
the  edges  that  are  not  in  G'  by  using  one  interval  for  for  each  vertex  in  G".  Using  the  above  example 
to  demonstrate  this,  the  representation  for  G"  would  be  as  below. 


Figure  1.4.3 


We  close  §1.4  with  a  discussion  of  /  in  terms  of  n  for  random  graphs,  which  were  introduced  bv 


Erdos  and  Renvi  [8]  and  are  treated  in  the  book  bv  Palmer  [21].  We  define  a  probability  model  for 

(?) 

n  hv  nil  ^  irrnwKc  am  m  iramoae  ! •  LaI • .  T C  hmLaL.'L*..  . 


each  n  by  considering  all  2  labelled  graphs  on  n  vertices  to  be  equally  likely.  If  the  probability  in 
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this  model  that  a  graph  has  property  P  approaches  one  as  n  approaches  infinity,  then  we  say  that 

almost  all  graphs  have  property  P.  Let  lg(n)  denote  log2(/t). 

n2  n2 

We  know  that  almost  all  graphs  satisfy  $  ni  <  .  The  lower  bound  was  obtained  by 

Erdds  and  West  [9],  and  Scheinennan  [25]  recently  proved  the  upper  bound.  Both  bounds  hold  for/ 
as  well.  The  upper  bound  holds  because  I  £  ni.  We  follow  the  method  of  the  Erdds- West  proof  on  i 
to  establish  the  lower  bound. 

Suppose  that  the  vertex-set  is  (tt, :  i  =  1, ...,«}  and  that  we  have  a  representation  with  p  intervals. 

Let  qi . ^2 p  be  the  ascending  sequence  of  endpoints  of  the  intervals.  For  i  =  1 . 2p,  let  v,-  be  the 

vertex  corresponding  to  the  interval  with  an  endpoint  at  Call  <vi,. .  .V2p>  the  derived  sequence  of 
vertices.  Because  no  vertex  has  two  intervals  that  intersect  each  other,  the  odd  occurrences  of  any 
vertex  in  the  derived  sequence  of  vertices  correspond  to  left  endpoints  and  the  even  occurrences  corre¬ 
spond  to  right  endpoints  of  intervals.  Because  the  sizes  of  the  intersections  of  intervals  is  immaterial, 
two  representations  with  the  same  derived  sequence  of  vertices  represent  the  same  graph.  Since  there 
are  at  most  n2?  different  derived  sequences  of  vertices,  we  can  represent  only  n2#  graphs. 

(*\ 

Hence,  to  represent  all  graphs  with  at  least  n  vertices,  we  need  to  choose  p  such  that  n^P  >  2 '-A 

(?) 


Taking  the  logarithm  base  2  of  both  sides,  we  get  p  >  j  and  we  denote  the  right  side  as  hin).  If 

qtn>  <  h(n)  -  e  for  some  fixed  small  e,  then  the  proportion  of  graphs  with  n  vertices  that  we  can 
represent  with  q(n)  intervals  is  at  most  n~~^  and  this  approaches  zero  as  n  gets  large.  Hence  the 
probability  of  a  graph  having  total  interval  number  of  q(n)  or  less  goes  to  zero  and  we  now  have 
shown  the  first  inequality. 

Although  t  <  ni.  and  Table  1.4.1  suggests  that,  for  sparse  graphs.  /  and  ni  are  far  apart,  we  be¬ 
lieve  that  the  difference  is  small  for  most  graphs.  In  particular,  we  believe  that,  for  any  e  >  0,  P(\l  - 
nil  >  ne)  — ►  0  as  n  — >  «>.  This  means  that,  for  almost  all  graphs,  there  exists  a  minimum  representa¬ 
tion  hat  assigns  about  i  intervals  to  each  vertex. 


5 .  The  Total  Interval  Number  and  the  Number  of  Edges 

In  §11,  we  will  compare  /  with  m  for  various  classes  of  graphs.  For  some  of  these  classes,  we  will 
give  upper  bounds  on  /  in  terms  of  m  and  give  examples  to  show  that  the  bound  is  best  possible.  For 


other  classes,  we  can  only  give  examples  to  show  how  big  /  can  be  for  fixed  m.  The  classes  and 
bounds  are  given  in  Table  1.5.1. 


Class 

max[I(G ) : 
m(G)  =  m) 

Reference 

Arbitrary 

Im™ 

5m  +  2 

4iu  '• ™ 

Connected 

4 

9m  +  1 

§ii.i 

8  >  2.  connected 

§11.2 

5  >  k,  for  k  k  3,  connected 

4. 

§11.2 

2 -connected 

10m 

T" 

§11.3 

3-connected 

t 

§11.3 

4-connected 

m  +  1 

§11.3 

2-edge-connected 

10m 

T" 

§11.3 

3-edge -connected 

t 

§11.3 

4-edge-connected 

m  +■  1 

[2]  §1.6 

Constructions  show  only  that  /  can  be  greater  than  (1  +  e)m  for  some  e  >  0. 


Table  1.5.1 

The  nature  of  this  collection  of  classes  is  quite  different  from  the  collection  of  Table  1.4.1.  For 
fixed  n,  the  larger  classes  of  Table  1.4. 1  allow  more  edges.  When  we  fix  the  number  of  edges,  we 
again  want  a  chain  of  classes  to  study,  but  it  is  not  clear  what  classes  yield  interesting  bounds.  The 
impetus  for  such  a  study  came  from  considering  a  question  raised  by  Andreae  and  Aigner  [2];  what  is 
the  maximum  total  interval  number  for  a  connected  graph  with  m  edges?  We  will  obtain  a  solution 
that,  in  terms  of  Table  1.4.1,  seems  quite  surprising:  If  ms  2  (mod  4),  then  the  unique  connected 
graph  with  a  maximum  total  interval  number  is  a  tree. 

For  a  tree  G,  5(G)  -  k(G )  =  kY G)  -  l.  Therefore  we  studied  the  effects  of  the  parameters  5,  ic. 
and  <.  By  raising  these  parameters,  we  forbid  the  extremal  example  and  thus  obtain  other  interesting 
classes  to  study.  Raising  these  parameters  also  decreases  the  classes  and  so  it  is  not  surprising  that  the 
upper  bound  for  Hm  decreases.  Our  results  are  not  quite  as  complete  for  these  classes  as  they  are  for 
the  classes  of  Table  1.4. 1.  For  some  values  of  these  parameters,  we  simply  use  examples  to  obtain  a 
lower  bound  on  the  upper  bound  and  we  do  not  claim  that  these  examples  are  extremal. 

The  bound  /  <  m  -  1  for  4-edge-connected  graphs  was  noted  by  Andreae  and  Aigner  [2].  by  cit¬ 
ing  a  result  of  Jaeger  [17],  In  §1.6.  we  will  show  that,  for  triangle-free  graphs,  KG)  >  m<Gi  -  l 


and,  for  any  complete  bipartite  graph  G,I(G)  =  MG)  +  1.  Thus,  k'(G)  >  3  is  the  last  interesting 
question  for  connectivity  classes.  The  examples  referred  to  in  Table  1.5. 1  show  that  there  is  no  such 
trivial  bound  for  other  connectivity  classes. 


It  is  more  difficult  to  compare  bounds  on  I  with  bounds  on  i  when  the  bounds  are  in  terms  of  m 
than  when  they  are  in  terms  of  n.  Spinrad,  Vijayan,  and  West  [9]  proved  that  i(G)  <  1  +  'Jm(G)/ 2, 
with  equality  for  triangle-free  regular  graphs.  This  result  is  hard  to  relate  to  /.  However  comparison  is 
easier  when  we  focus  on  a  local  vertex  property.  Griggs  and  West  [15]  proved  that  i(G)  < 
r  -+  -1  and  we  can  compare  ni  to  /  here.  Suppose  that  k  is  odd  and  that  G  is  k- regular  so  that 
n  =  2 m/k).  The  above  bound  then  gives  us  ni  <  nkfl  +  nfl  =  m  +  nil.  We  will  soon  see  that  I  £ 
m  +  nl 2  and  so  these  bounds  agree  for  this  class  of  graphs. 

6.  Fundamental  Ideas  for  the  Study  of  the  Total  Interval  Number 

An  edge  uv  is  twice  subdivided  if  it  is  subdivided  and  then  one  of  the  new  edges  is  subdivided. 
A  penultimate  vertex  of  a  tree  is  one  for  which  all  but  at  most  one  of  its  neighbors  is  a  leaf  (if  all  of 
its  neighbors  are  leaves,  then  it  is  the  central  vertex  of  a  star). 

If  F  is  a  face  and  no  vertex  incident  to  F  is  a  cut-vertex,  then  the  edges  that  are  incident  to  F  are  the 
edges  of  a  cycle.  If  this  is  the  case,  then  we  will  refer  to  the  face  by  citing  the  cycle.  If  we  have  such  a 
face  F  =  (uQ,....Uk-i),  then  we  say  that  it  is  a  k- gon  and  that  ue  and  uj  are  /  steps  apart  on  F  where  / 
is  the  distance  on  F  between  Uj  and  Uj.  Note  that  a  plane  graph  with  no  cut-vertex  is  one  that  is  either  a 
single  edge  or  one  for  which  every  face  is  a  cycle.  Note  that  the  vertices  of  any  3-gon  form  a  triangle 
but  that  some  triangles  are  not  the  vertex- sets  of  any  3-gon. 

If  R  is  a  set  of  intervals,  a  is  the  leftmost  endpoint  of  any  interval  in  R ,  and  (3  is  the  rightmost 
endpoint  of  any  interval  in  R,  then  let  F(R)  =  [a,(3].  We  say  that  R  is  contiguous  if  F(R)  =  tj  (9  : 
9  €  R}.  A  maximal  contiguous  subset  of  R(V)  is  called  a  component  of  R.  If  0  e  R(u),  then  we 
say  that  9  is  a  u-interval.  If  9  is  a  u-interval  and  some  subinterval  9'  of  9  intersects  no  other  member 
of  R(V).  then  both  9  and  u  are  called  displayed  and  9'  is  called  a  displayed  part  of  0.  Note  that 
we  can  place  a  small  interval  within  9’  without  changing  the  fact  that  0  is  displayed. 

We  order  the  intervals  in  R(V)  bv  left  endpoints.  If  the  left  endpoint  of  9i  is  to  the  left  of  02,  then 
we  say  that  9(  is  earlier  than  9^.  An  interval  that  overlaps  k  -  1  earlier  intervals  is  called  a 
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depth-*  interval.  The  earliest  interval  is  necessarily  a  depth- 1  interval.  Note  that  since  the  intervals 
of  representations  have  distinct  endpoints,  there  is  a  gap  of  positive  length  between  the  left  endpoint  of 
a  depth- 1  interval  and  all  earlier  intervals.  We  say  that  a  depth-*  interval  introduces  the  *  -  1  edges 
that  are  accounted  for  by  its  intersecting  earlier  intervals.  For  example,  if  a  ^-interval  intersects  an  ear¬ 
lier  v-interval  and  an  earlier  w- interval,  then  we  say  that  the  u- interval  introduces  both  uv  and  uw.  If 
no  edge  is  introduced  more  than  once,  then  the  representation  is  irredundant.  A  component  of  a 
representation  R  is  a  maximal  real  interval,  every  point  of  which  is  in  some  member  of  R. 

Let  r^R)  be  the  number  of  depth-*  intervals  in  R.  Note  that  R  has  exactly  r\  components.  In  an 
irredundant  represention,  each  depth-*  interval  corresponds  to  *  -  1  edges  and  so  m  ~ 

Vn-i 

/  Jk  -  1  )rjc.  Therefore  small  irredundant  representations  will  have  relatively  few  intervals  of 
small  depth  and  relatively  many  intervals  of  large  depth. 

It  is  nevertheless  often  useful  to  restrict  ourselves  to  represenrions  with  no  intervals  of  large  depth. 
A  depth-*  representation  is  a  representation  with  no  interval  of  depth  more  than  *.  For  a  graph  G, 
let  ItfG)  be  the  minimum  size  of  a  depth-*  represention  of  G. 

We  are  most  often  interested  in  depth- 2  representations  and  the  corresponding  parameter  h-  Note 
that,  for  triangle-free  graphs,  all  representations  are  depth-2  and  therefore  h  =  I. 

Depth-2  representations  are  intimately  connected  with  trail  covers.  A  trail  visits  (ends  at)  a  ver¬ 
tex  u  if  u  is  in  (an  end  of)  the  trail.  A  trail  covers  an  edge  if  it  visits  one  of  the  ends.  A  trail  cover 
of  G  is  a  collection  of  edge-disjoint  trails  in  such  a  way  that  every  edge  of  G  is  covered  by  at  least  one 
trail.  The  minimum  number  of  trails  in  a  trail  cover  of  G  is  called  the  trail  cover  number  t(G).  A 
trail  cover  with  a  minimum  number  of  trails  is  called  optimal.  If  there  exists  a  trail  T  such  that  { T )  is 
a  trail  cover,  then  we  call  T  a  covering  trail.  A  trail  cover  7  visits  (ends  at)  u  if  some  member  of 
7  visits  (ends  at)  u. 


Suppose  that  T  «  is  a  trail.  We  define  the  canonical  representation  of  T  to  be  the 

depth-2  represention  that  has  *  intervals,  each  of  which  is  displayed,  with  left  endpotnts  in  the  order 

u i . ;<£.  We  illustrate  this  in  Figure  1.6.1.  Note  that  the  representation  is  contiguous. 

If  R i  and  /?;  are  representations  for  the  graphs  G  and  H.  then  the  representation  /?|  u/?;of  C  o 
H  :s  defined  by  shifting  the  intervals  of  /?;  so  that  no  member  of  R\  intersects  any  member  of  /?;,  and 


Cv 
•  v 


then  taking  the  union  of  R\  and  Ri. 


u  2 

U\  WK  •  .  •  Ufe 

Figure  1.6.1 

Since  the  theme  of  the  thesis  is  to  minimize  the  number  of  intervals,  the  operation  of  making  one 
interval  from  two  is  quite  desirable.  If  R  is  a  representation,  0i,  02  €  R(u),  0i  =  [a,(5],  02  =  [y,5], 
a  <  P  <  y<  5,  and  [p,yj  intersects  no  member  of  R(V),  then  we  can  replace  0j  and  02  by  [a,8]  to 
obtain  a  smaller  representation.  We  call  this  operation  a  splice. 

Theorem  1-6.1.  For  any  graph  G,  12(G)  =  m(G)  +  t(G).  Furthermore,  any  minimum  depth-2 
represennon  has  exactly  t  components. 

Proof.  We  first  show  that  12(G)  ^  m(G)  +  t(G).  Suppose  that  7  is  an  optimal  trail  covering 
so  that  IT!  =  r.  Let  R'  be  the  union  of  the  canonical  representations  of  the  trails  in  T.  Then  for  each 
edge  uv  that  is  not  in  any  T  e  7,  at  least  one  of  its  vertices,  say  u,  is  in  some  7  e  7  and  there  is  a 
displayed  u-interval  0  in  R*.  Place  a  small  v-interval  inside  a  displayed  part  of  0.  Having  done  this 
for  all  such  edges,  call  the  resulting  representation  R. 

Every  interval  in  R  introduces  exactly  one  edge  except  for  the  intervals  corresponding  to  the  first 
vertices  of  each  trail.  Hence  h(G)  &\R\  =  t(G)  +  m(G). 

The  reverse  inequality  is  essentially  proved  by  reversing  the  above  construction.  Suppose  that  R  is 
an  optimal  depth-2  represention.  Because  R  is  depth-2,  any  non-empty  intersection  of  intervals  can  be 
eliminated  by  shortening  or  removing  intervals  without  affecting  other  intersections.  Hence  we  may 
assume  that  R  is  irredundant. 

Remove  the  intervals  that  are  not  displayed  and  consider  the  set  /?'  of  remaining  intervals.  Because 
R  is  irredundant,  R'  is  a  union  of  canonical  representations  for  a  set  T  of  edge-disjoint  trails  with  each 
depth- 1  interval  corresponding  to  the  First  vertex  of  a  member  of  T.  Hence  '71  =  r\(R')  -  c\(R). 

Each  edge  in  G  is  either  an  edge  of  some  member  of  T  or  it  is  introduced  by  a  non-displaved  inter¬ 
val  placed  within  the  displayed  pan  of  an  interval  corresponding  to  some  venex  of  a  member  of  7. 
Hence  7  is  a  trail  cover. 

We  still  must  show  that  '7  =  lz<G)  -  miG).  Since  R  is  optimal,  this  is  the  same  as  showing  that 
7  =  R\  -  mi Gi.  Since  R  is  irredundant.  there  is  a  one-to-one  correspondence  between  depth-2  inter- 


vais  and  edges.  Hence  m(G)  =  ri(R)  -  Lfll  -  r\(R )  =  !/?l  -  171.4 

Consider  the  graph  G  and  representation  R  of  Figure  1. 1 . 1 .  The  optimal  trail  cover  is  marked  on  G 
with  a  thick  gray  line  (r  =  1)  and  the  corresponding  R'  of  the  above  proof  is  marked  with  thick  gray 
intervals.  As  a  more  abstract  example,  we  can  partition  the  edges  into  nfl  trails  (fewer  unless  every 
vertex  is  of  odd  degree),  and  so  /  £  m  +  nt 2;  this  result  was  of  interest  in  §1.5. 

The  previous  lemma  shows  that  m  +  t  is  an  upper  bound  on  I  since  m  +  t~l2>l.  Since  the  pa¬ 
rameter  r  is  conceptually  easy  to  deal  with,  finding  bounds  on  t  is  very  important  when  studying  I.  We 
now  present  a  few  fundamental  tools  for  doing  this. 

The  edge-set  (vertex-set)  of  a  trail  cover  is  defined  to  be  the  union  of  the  edge-sets  (vertex- 
sets)  of  the  constituent  trails.  An  edge  e  (vertex  u)  is  vital  if,  for  every  trail  cover  7  with  edge-set  Si 
(vertex-set  7 i),  there  is  a  set  52  of  edges  (72  of  vertices)  that  contains  e  (contains  u)  such  that  there 
exists  a  trail  cover  T  with  edge-set  Si  u  S2  (vertex-set  7i  u  72)  and  171  =  171. 

When  trying  to  find  an  optimal  trail  cover,  one  can  start  by  assuming  that  all  vital  edges  are  in  the 
edge-set,  and  then  augment  or  merge  trails. 

Lemma  1.6.2, 

( i)  The  neighbor  of  a  leaf  is  vital. 

<ii)  If  u  v  and  d(u)  =  d(v)  -  2,  then  uv  is  vital. 

(iii)  If  u  v,  w  v,  and  u*w,  then  we  may  subdivide  vw  and  delete  uv  without  de¬ 

creasing  the  trail  cover  number. 

(iv)  If  .VYv)  =  { u,w } ,  u  *  w,  x  u,  y  v,  and  v  e  {x,y},  then  we  may  subdivide  ux  and 
vyv  and  remove  {uv.vw}  without  decreasing  the  trail  cover  number. 

Proof.  The  first  two  assertions  are  trivial. 

For  ( iii).  let  G'  be  the  graph  that  results  from  applying  (iii)  to  G  and  let  the  new  edges  be  ux  and 
xw.  Note  that,  for  any  trail  cover  of  G\  there  is  a  corresponding  trail  cover  of  G  that  is  obtained  by 
contracting  the  edge  ux  and  replacing  any  subtrail  <u.r,w>  by  <ii,w>. 

To  cover  the  edge  ux  in  G\  some  trail  7  must  visit  either  u  or  x.  If  7  visits  u,  then  we  can  use  the 
corresponding  Tati  cover  in  G.  If  7  visits  .t.  then  the  trail  contains  either  the  edge  ux  or  .rw.  In  either 
case,  we  may  assume  that  7  continues  to  w  or  .t.  and  so  we  may  assume  that  both  u  and  w  are  visited 
Therefore  the  corresponding  trail  cover  in  G  contains  u  and  so  e  is  covered. 


For  (iv),  we  simply  repeat  the  argument  of  (iii)  one  more  time.  A 

We  call  the  operation  of  Lemma  I.6.2(iii)  a  snip  and  the  operation  of  Lemma  I.6.2(iv)  a  double 
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snip. 

We  now  use  the  characterization  of  I2  that  is  given  in  Theorem  1.6. 1  to  show  that  computing  I  is 
NT-complete.  It  is  well-known  [11]  that  the  problem  of  determining  if  there  exists  a  Hamiltonian  path 
for  triangle-free  3-regular  planar  graphs  is  NP-complete.  Given  such  a  graph  G,  replace  each  vertex  as 
shown  in  Figure  1.6.2,  and  call  the  resulting  graph  K(G). 


Figure  1.6.2 

Lemma  1.6.3.  A  3-regular  planar  graph  G  has  a  Hamiltonian  path  if  and  only  if  t(K(G))  =  1. 

Proof.  Let  H  be  the  seven-vertex  replacement  of  each  vertex  in  G.  If  t(K(G))  -  1,  then  let  T  be 
a  covering  trail.  Because  of  the  edges  within  each  copy  of  H,  T  must  enter  each  copy  of  H,  and  be¬ 
cause  there  are  only  three  edges  from  a  copy  of  H  to  the  rest  of  the  graph,  T  can  pass  through  H  at 
most  once.  During  this  visit  of  H,  it  is  possible  for  T  to  visit  every  vertex  of  H  and  so  we  may  assume 
that  T  visits  each  copy  of  H  exactly  once.  Contracting  the  edges  of  T  that  are  within  each  copy  of  H 
gives  a  path  through  G  that  visits  each  vertex  exactly  once  and  we  have  a  Hamiltonian  path  of  G. 

Conversely,  if  G  has  a  Hamiltonian  path,  then,  instead  of  passing  through  a  vertex  u  of  G,  we  can 
have  the  path  touch  each  vertex  of  the  copy  of  H  that  replaced  u  and  get  a  covering  path  for  K(G).  a 

Theorem  1.6.4.  The  decision  problem  /  <  m  +  1  is  NT-complete. 

Proof.  We  restrict  our  class  of  graphs  to  the  class  that  arises  from  replacing  every  vertex  of  a 
3-rcgular  planar  graph  with  H  as  in  Lemma  1.6.3.  Such  graphs  are  triangle-free  and  therefore,  for  this 
class.  /  <  m  -  1  if  and  only  if  there  is  a  covering  trail.  By  Lemma  1.6.3.  a  fast  algorithm  for  testing 
coverabilitv  by  one  trail  would  yield  a  fast  algorithm  for  deciding  whether  a  3-regular  planar  graph  has 
a  Hamiltonian  path.  Hence  we  have  reduced  the  problem  of  deciding  whether  a  3-regular  planar  graph 
has  a  Hamiltonian  path  to  deciding  w-hether  !  <  m  ~  1. 
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The  decision  problem  I  £  m  +  1  is  in  NP  since,  given  a  graph  G,  a  non-deterministic  algorithm 
can  guess  a  set  of  rruG)  +1  intervals  and  verify  in  polynomial  time  that  this  is  an  interval  representa- 
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II.  THE  TOTAL  INTERVAL  NUMBER  AND  THE  NUMBER  OF  VERTICES 
1.  Trees 

The  first  main  result  of  §11. 1  is  a  proof  of  the  correctness  of  an  algorithm  for  finding  a  minimum 
trail  cover.  Since  trees  are  triangle-free,  1  =  h  =  m  +  t  and  so  this  algorithm  yields  an  algorithm  for 
computing  the  total  interval  number  of  trees.  The  second  main  result  of  §n.l  is  a  characterization  of 
trees  for  which  the  contraction  of  any  edge  decreases  the  trail  cover  number.  Note  that  the  contraction 
of  any  edge  of  any  tree  does  not  increase  the  trail  cover  number.  We  will  use  this  characterization  to 
give  a  new  proof  of  the  upper  bound  on  the  total  interval  number  of  trees  and  to  show  that  if  n  a 


3 (mod  4),  then  there  is  a  unique  extremal  graph. 

We  now  start  on  the  first  main  result.  Suppose  that  G  is  a  tree  and  that  u  €  V(G).  A  vertex  u  is 
partially  useful  (useful)  if  some  optimal  trail  cover  ends  at  u  (contains  <u>).  Note  that  a  useful 
vertex  is  a  partially  useful  vertex.  Relative  to  a  vertex  u,  we  need  to  define  two  kinds  of  optimal  trail 
covers.  The  definitions  of  these  kinds  depend  on  whether  u  is  useful,  partially  useful  but  not  useful, 
or  not  partially  useful.  A  trail  cover  is  partially  u-optimal  or  u-optimal  as  described  in  the 
following  table: 


If  u  is: _ 

useful 

partially  useful 
not  partially  useful 


then  a  trail  cover  T  is  a  then  a  trail  cover  7  is  a 

partially  u-optimal  trail  cover  if  7  is: _ u-optimal  trail  cover  if  7  is: 

optimal  and  ends  at  u.  optimal  and  contains  <u>. 

optimal  and  ends  at  u.  optimal  and  ends  at  u. 

_ optimal. _ optimal. _ 

Table  II.  1.1 


Note  that  a  u-optimai  trail  cover  is  a  partially  u-optimal  trail  cover. 

Fix  G  and  some  u  s  V(G).  The  algorithm  that  we  describe  will  find  a  u-optimal  trail  cover  of  G. 
Let  .V(u)  =  For  each  i.  let  G,  be  the  component  of  G  -  u  that  contains  u,.  Let: 

7  =  {(7i . Td)  :  7;  is  a  partially  u, -optimal  trail  cover  of  G()  (II. 1.1) 

If  7  is  a  trail  cover  of  G.  then  deleting  u  and  ail  edges  incident  to  u  from  each  T  e  7  that  contains 
u  results  in  a  set  7' of  trails  for  which  each  trail  is  within  one  G*.  Let  7  =  {7  :  V(Gu  2  It 

is  easv  to  see  that  77  is  a  trail  cover  of  G,.  Let  .4(7)  =  r 7i,....7j). 


Theorem  II. 1.1.  If  7  is  u-optimal,  then  A(T)  £  C. 

Proof.  Let  1 =  A(T).  If  the  theorem  is  false,  then  we  may  assume  that  T\  is  not  a 
partially  a i -optimal  trail  cover  of  G\.  We  now  construct  a  trail  cover  7  that  will  demonstrate  that  7  is 
not  u-optimal.  Let  T\  =  [T  e  7:  V(Gi)^2  V(T))  and  let  U\  be  a  partially  u\ -optimal  trail  cover  of 
Cl- 

Case  i.  No  member  of  7  contains  uu\  and  hence  7\  =  T\.  Suppose  that  \U\\  <  I7il.  Let  7'  = 

7  -  7 1  +  7  { .  Then  1271  <  171  and,  since  7  is  optimal,  27'  is  not  a  trail  cover  of  G.  But  the  only 
possible  edge  that  is  not  covered  by  27'  is  uuj.  This  implies  that  7  does  not  visit  u.  But  then  7  = 

27'  u  { <u>)  is  a  trail  cover  of  G,  171  <  171,  and  7  ends  at  u,  so  T cannot  be  u-optimal. 

Hence  we  may  assume  that  I27*il  =  ITjl.  Since  7i  is  not  partially  uj-optimal,  7i  does  not  end  at  u\ 
and  ~J\  does  end  at  ui.  Let  U'  be  the  member  of  U\  that  ends  at  u\.  Extend  U'  to  u  and  call  the 
resulting  trail  U.  Let  U\  =  U\  -  U'  +  U  and  let  27'  =  7-  7j  +  U\.  If  7  ends  at  u,  then  the 
corresponding  trail  can  be  concatenated  with  U  to  obtain  a  smaller  trail  cover  U.  If  7  does  not  end  at 
n,  then  let  U  =  27*.  In  each  case  7J  demonstrates  that  7  is  not  u-optimal.  This  completes  Case  i. 

Case  ii.  There  exists  T  e  7  such  that  E(T)  a  [uu\ }.  Let  T  be  the  trail  induced  by  the  vertices  of 
T  that  are  not  in  V(G\).  Note  that  T  ends  at  u.  Since  7'i  ends  at  ui  and  is  not  partially  ui -optimal, 
i  JJI  <  I7{i.  Let  7'=  7  -  7i  -  T  +  T'  +  7  {.  Note  that  171  =  1271  and  7'  is  a  trail  cover  of  G. 

If  T  ends  at  u,  then  T'  =  <  u>,  7  does  not  contain  <  u>,  and  7'  does  contain  <  u>.  Hence  7 
is  not  zt-opdmal. 

If  T  does  not  end  at  u,  then  there  are  two  cases.  If  7  ends  at  u.  then,  in  7'.  concatenate  the  mem¬ 
ber  other  than  T  of  7  that  ends  at  u  with  T  and  call  the  resulting  trail  cover  7.  Because  of  the  con¬ 
catenation,  *71  <  171.  If  7  does  not  end  at  u,  then  let  7  =  7'.  Since  T  ends  at  u.  7  ends  at  u. 

In  either  case,  the  existence  of  7  proves  that  7  is  not  partially  u-optimal  and  hence  is  not 
;<-optimal.  a 

We  now  demonstrate  that  both  types  of  optimality  are  necessary  by  giving  two  examples.  In 
Figure  II.  1.2(a),  we  have  a  graph  with  a  partially  u-optimal  trail  cover  (indicated  with  thick  gray  lines). 
If  we  remove  u  from  the  trail  cover,  then  we  are  left  with  a  non-optimal  trail  cover  for  G\.  In  Figure 


IL  1.2(b),  we  have  a  w-optimal  trail  cover,  but  if  we  remove  u,  then  the  resulting  trail  cover  of  Gi  is 
only  partially  in-optimal  and  not  wn-optimal. 
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Figure  11.1.2(b) 


Figure  11.1.2(a) 

If  we  adopt  the  convention  that  the  trail  <u>  has  two  ends  at  u,  then  the  optimality,  w-optimalitv, 
and  partial  w-optimality  of  a  trail  cover  are  all  determined  by  the  number  of  and  placement  of  the  trail 
cover’s  ends  For  example,  if  two  trails  intersect  at  some  vertex  u,  then  which  continuations  from  u 
are  assigned  to  which  trails  is  irrelevant  for  our  purposes.  Henceforth,  we  will  ignore  these  distinc¬ 
tions  and  simply  consider  them  to  be  the  same  trail  cover. 

The  algorithm  for  finding  a  w-optimal  trail  cover  is  essentially  the  reverse  of  the  removal  of  u  from 
a  w-optimal  trail  cover.  It  takes  as  input  a  member  of  C  and  gives  as  output  a  trail  cover  of  G. 

Algorithm  II.1.2.  Suppose  that  (7 e  C.  If  d  =  0  (i.e.  G  =  K"i),  then  7=0. 
Otherwise,  use  the  following  algorithm. 

a.  Let  U\-7\^j...'u7ci. 

b .  Extend  any  member  of  U\  that  ends  at  any  u j  to  u.  Call  the  resulting  set  of  trails  Uz- 

c.  If  ~Jz  does  not  vist  a  (i.e.,  there  were  no  extensions  in  step  b.)  and  some  7;  does  not  visit 

Ui ,  then  let  I/3  =  Z/3  u  <u>.  Otherwise,  let  I/3  -U z- 

d.  If  two  members  of  I/3  end  at  u,  then  concatenate  them  to  form  one  trail.  Repeat  this  until  at 
most  one  trail  ends  at  u.  Call  the  resulting  set  of  trails  7. 


It  is  clear  that  if  7  is  w-optimal,  then  applying  Algorithm  II.  1.2  to  A(7)  produces  7.  a  w-optimal 
trail  cover  of  G.  Our  next  goal  is  to  show  that  we  can  start  with  any  member  of  Z  and  apply 
Algorithm  n.1.2  to  obtain  a  w-optimal  trail  cover.  The  following  lemma  is  phrased  in  terms  of  w  and  G 
but  its  first  application  is  for  each  w„G,  combination. 

Lemma  II. 1.3.  Suppose  that  some  partially  w-optimal  trail  cover  7 of  G  visits  but  does  not  end  at 
w.  Then  every  partially  w-optimal  trail  cover  of  G  visits  but  does  not  end  at  w. 

Proof.  Suppose  that  7  and  7'  are  partially  w-optimal  trail  covers  of  G,  with  7  visiting  but  not 
ending  at  w.  and  7'  not  visiting  w.  Since  7 does  not  end  at  w,  no  optimal  trail  cover  ends  at  w  and  the 


set  of  optimal  trail  covers  is  the  same  as  the  set  of  partially  u-optimal  trail  covers  which  is  the  same  a 
the  set  of  u-optimal  trail  covers.  Hence  7  and  7*  are  u-optimal. 

We  apply  Theorem  II.  1. 1  to  each  of  7  and  T.  The  number  of  trails  produced  by  removing  u  from 
7'  is  171  since  T  does  not  visit  u.  But  the  number  of  trails  produced  by  removing  u  from  7  is  at  least 
171  +  1  since  7  visits  but  does  not  end  at  u.  This  is  impossible  since  Theorem  II.  1.1  shows  that  these 
numbers  must  be  the  same,  a 

Theorem  II. 1.4.  If  (7\,...,7d)  e  C,  then  applying  Algorithm  II.1.2  to  (7\,...,7d)  produces  a 
u-optimal  trail  cover  of  G. 

Proof.  Let  7'  be  a  u-optimal  trail  cover  and  (7\ . 7 d)  ~  M7’).  By  Theorem  II.l.I,  each 

7/  is  a  partially  u(-oprimal  trail  cover  of  G{-  and  so  ~  ends  at  u,  if  and  only  if  7,  does.  If,  for  at  least 
one  i,  7,  ends  at  u„  then  the  result  is  straightforward. 

If  no  7/  ends  at  then  the  only  way  that  the  theorem  can  fail  is  if,  for  some  i,  1 J  visits  u,-  and  7, 

does  not.  (If  this  happens,  then  Algorithm  II.  1.2  applied  to  (Ti . 7 d)  will  produce  the  trail  <  u>  in 

step  c).  But  this  is  impossible  by  Lemma  II.  1.3. * 

It  is  clear  that  :(K\)  =  0  and  so  the  only  partially  u-optimal  trail  cover  of  K\  is  the  empty  set  of 
trails.  Furthermore,  Algorithm  H  1.2  produces  a  u-optimal  trail  cover  of  G  and  therefore  a  partially 
u-optimal  trail  cover.  We  now  have  the  following  recursive  algorithm  for  finding  a  u-optimal  trail 
cover  7  of  G. 

Algorithm  11.1.5. 

a.  If  G  =  K\,  then  7=0.  Otherwise,  go  to  step  b. 

b .  a)  For  each  i,  apply  this  algorithm  to  Gj  to  obtain  a  u/-optimal  trail  cover  7 \  of  G,. 
b)  Apply  Algorithm  II.  1.2  to  (7i,...,7 d)  to  get  7. 

By  modifying  Algorithm  II.  1.5  slightly,  we  obtain  an  algorithm  for  computing  the  trail  cover 
number  without  storing  the  trails.  For  a  tree  G  and  a  vertex  u,  let  7  be  a  u-optimal  trail  cover  of  G. 
Define  d(u.G)  as  follows: 

\)(  u.G  i  =  0  if  7  does  not  visit  u. 

u m.G  t  =  1  if  7  visits  u  but  does  not  end  at  it. 

'j<  u.G  i  =  2  if  7  ends  at  u  but  does  not  contain  <u>. 

vji u.G >  =  3  if  7  contains  <u>. 


By  Lemma  II.  1.3  and  the  definitions  of  w-optimal,  the  value  of  x> (u,G)  is  independent  of  the  choice 
of  the  u-oprimal  trail  cover  T.  Define  d,  {ui,. ..,«<*},  and  { G\,...,Gd }  as  before.  For  j  =  0,  1,  2,  and 
3,  let  c tj(u,G)  =  l{i  :  v(ui,Gi)  =j}  \  and  (3 (G)=  013(G)  +  04(C).  Algorithm  II.  1.6  computes  r(G), 
x>(u,G),  ao (u,G 03 (u,G),  and  (3 (u,G). 

Algorithm  II.  1.6. 

a.  If  G  =  K\,  then  v(u,G)  =  t(G)  =  0.  Otherwise,  go  to  step  b. 

b.  a)  For  i  =  1  apply  this  algorithm  to  (u/.C/J  to  obtain  f(G,)  and 

v(Ui,Gi).  Use  these  to  compute  cto(u,G) . a si'u.G),  and  P(m,G). 

b)  Lett'='£i<fslt(Gi)-lV(u,G)/2l 

c)  If  P(u,G)  =  0  and  02 (u,G)  <  d ,  then  t(G)  =  1  +  f  and  v(u,G)  =  4. 

d)  If  P (u,G)  =  0  and  02 (u,G)  =  d,  then  t(G)  =  t’  and  x>(u,G)  =  1. 

e)  If  P (u,G)  >  0  and  p  is  even,  then  t(G)  -  t’  and  v(u,G)  =  2. 

0  If  P(w,G)  is  odd,  then  t(G)  =  t’  and  u(u,G)  =  3. 

We  now  concentrate  on  the  second  main  result  of  §11.1.  Recall  that  the  result  of  contracting  e  «= 
E(G)  is  denoted  G  •  e.  An  edge  e  is  contractible  if  t(G  •  e)  -  t(G)  and  a  tree  is  critical  if  it  has 
no  contractible  edge.  A  critical  tree  G  is  /^-critical  if  t(G)  =  k.  Let  G*  be  the  set  of  jfc-critical  trees. 
The  next  lemma  is  a  collection  of  simple  observations. 

Lemma  II.  1.7. 

(i)  If  e  is  incident  to  a  penultimate  vertex  and  e  is  not  a  leaf-edge,  then  e  is  vital. 

(ii)  If  an  optimal  trail  cover  of  a  tree  G  contains  intersecting  trails  <ui„ .  .,Up,u,. .  .>  and 
<. .  .,u,wi,. ,.,Wq>,  then  some  optimal  trail  cover  contains  the  trail 

<u\,...,up,u,wi,...,wq>.  A 

Note  that  Lemma  n.l.7(ii)  is  not  necessarily  true  of  graphs  with  cycles. 

Lemma  II.  1.8.  Each  non-leaf  neighbor  of  a  penultimate  vertex  is  not  useful. 

P  roof.  Let  u  be  a  penultimate  vertex  in  a  tree  and  let  v  be  its  non-leaf  neighbor.  Suppose  that 
T  is  a  trail  cover  that  contains  <v>.  The  leaf  edges  that  are  incident  to  u  must  be  covered  and  this  re¬ 
quires  another  trail  T.  Replacing  T  and  <v>  by  <:/,v>  produces  a  trail  cover  that  is  smaller  than  7  and 
so  7  is  not  optimal.  A 

Lemma  II. 1.9.  In  a  critical  tree,  every  penultimate  vertex  u  is  bivalent. 


Proof.  Let  G  be  a  tree  containing  a  penultimate  vertex  u.  and  let  G'  be  the  tree  obtained  from  G 
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by  contracting  ail  but  one  leaf-edge  incident  to  u.  Note  that  u  is  still  a  penultimate  vertex  in  G'  and  so 
there  is  an  optimal  trail  cover  7  of  G'  that  ends  at  u.  Then  7  is  also  a  trail  cover  of  G.  Hence  G  is  not 
critical,  * 

We  now  consider  2-colored  graphs,  i.eM  graphs  in  which  each  vertex  is  assigned  black  or  white. 

If  G  is  2-colored,  then  we  define  an  augmentation  of  G  at  u  to  be  a  larger  2-colored  graph  obtained 
as  follows.  Add  a  path  <wi,...,w5>  on  five  new  vertices,  making  wt,  white  and  wi,  vv2,  h<4,  and  W5 
black.  Then  if  u  is  black,  add  an  edge  uw 3  and  if  u  is  white,  identify  u  with  W3.  These  operations  are 
illustrated  in  Figures  11.1.3(a)  and  Figure  0.1.3(b). 


Figure  11.1.3(a)  Figure  0.1.3(b) 

We  say  that  H  is  an  augmentation  of  G  if,  for  some  u  e  V(G),  H  is  the  augmentation  of  G  at  u. 
Let  ~I\  =  {AT:),  where  both  vertices  are  black.  Let  A7*  be  the  augmentations  of  the  members  of  AVl- 
We  list  .“i.  A7->,  and  A7  3  below. 

L  L 

■  «  0—  .  - m 

Figure  II.  1.4 

Let  A7  be  the  union  of  the  AYs. 

Theorem  II.  1.10.  If  G  e  A7*,  then  t(G)  =  k,  each  white  vertex  of  G  is  partially  useful  but  not 
useful,  and  each  black  vertex  of  G  is  useful. 

Proof.  We  use  induction  on  k.  For  .4=1.  the  claim  is  clear.  Suppose  that  k  >  1  and  that  G  is 
an  augmentation  of  G'€  AVi  at  u.  We  will  apply  Algorithm  II.  1.6  to  G  at  W3. 

Suppose  that  u  is  black.  The  W3  has  three  neighbors  and  the  subtrees  of  algorithm  II.  1.6  are  G' 
rooted  at  :<  and  two  copies  of  K'  8v  the  induction  hypothesis,  a  is  useful  in  G'.  and  so  Utu.G'i  =  3. 
Since  Wvj =  'ji  =  3.  we  obtain  vr.v3.G1  =  2  (i.e..  wj  is  partially  useful)  and 

:iG  1  =  ’.  -  :/G‘>  from  Xlconthm  II  '.  * 

T'>  'how  -hat  „n>  "iacs  .ertex  n  ,s  .serai  m  G.  note  that,  by  induction,  v  is  useful  in  G'anu 
'O  there  exists  1  'rail  cm e'  ~  t  <}  r.at  .nn’airi'-  <v>  Let  ~  „  j  <vv2.w1.vvu>}.  Since 
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t(G)  =  r/C'j  +  1  =  171,  7  is  optimal. 

We  can  use  a  similar  argument  to  show  that  the  white  vertices  of  G'  are  partially  useful  in  G  and  no 
edge  of  G'  is  contractible.  We  now  show  that  each  white  vertex  v  of  G'  is  not  useful.  Suppose  that  7 
is  a  trail  cover  that  contains  <v>.  Let  T  be  the  subset  of  trails  of  7  that  intersect  G' ;  IT1  >  t(G')  +  1 
since  <v>  is  not  useful  in  G'.  Moreover,  since  there  is  only  one  edge  from  G'  to  the  rest  of  the  graph, 
at  most  one  member  of  7*  can  visit  { wj,w2,w3,w4,w5}  and  it  must  visit  u.  Such  a  trail  cannot  cover 
both  wpv2  and  W4W5  and  hence  7  must  contain  a  trail  that  does  not  intersect  G'.  Hence  O  >  r(G')  + 
2  and  is  therefore  not  optimal. 

We  must  show  that  no  new  edge  is  contractible  and  that  each  new  black  vertex  is  useful.  To  show 
that  w’i  or  W2  is  useful,  or  that  w\w2  or  w^w 3  is  not  contractible,  extend  the  wa-optimal  trail  cover  of 
W4W5  and  the  u-optimal  trail  cover  of  G'  in  Algorithm  El.  1.6.  A  similar  argument  works  to  show  that 
w  4  and  w'5  are  useful,  and  that  wjw2  and  W2W3  are  not  contractible.  To  show  that  UW3  is  not  con¬ 
tractible.  let  7*  be  an  optimal  trail  cover  of  G'  that  contains  <u>.  Now  contract  Hw/3  and  replace  <u> 
by  <w2,u.w a>;  we  now  have  a  trail  cover  of  G  that  has  t(G')  trails  and  so  uwt,  is  not  contractible. 

Now  suppose  that  u  is  white  in  G'.  From  Algorithm  II.  1.6,  we  obtain  (3 (u,G)  =  fyu.G')  -  2  and 
so  :<G)  =  t(G')  +  1  and  v(u,Gj  =  2.  Moreover,  since  u  is  white  in  G\  u (u,G')  =  2  and  there  is  an 
optimal  trail  cover  7*  of  G'  that  contains  a  trail  T  that  ends  at  u.  Extending  T  to  or  w\  shows  that 
w’3  and  w'4  are  useful  and  that  wwa  and  W4W5  are  not  contractible.  A  similar  argument  shows  that  w\ 
and  w’2  are  useful,  and  that  uw 2  and  wjvv2  are  not  contractible.  By  starring  with  the  trail  <iv2,/<.wu>, 
we  see  that  every  vertex  in  G'  is  partially  useful,  black  vertices  of  G '  are  useful,  and  edges  of  G ‘  are 
not  contractible.  We  must  still  show  that  no  white  vertex  of  G'  is  useful. 

We  already  know  that  u  is  not  useful.  Let  v  be  a  white  vertex  of  G'  that  is  not  equal  to  u.  Let  7  be 
a  trail  cover  of  G’  that  contains  <v>.  Let  7*  be  the  set  of  trails  of  7  that  intersect  G' ;  171  >  :(G‘)  *  1 
since  <v>  is  not  useful  in  G'.  If  there  are  two  members  of  7*  that  visit  ( wi,iv2,w4,w5},  then  one 
must  visit  W2  and  one  must  visit  wa.  We  can  redistribute  the  edges  of  the  two  trails  so  that  one  of 
them  is  <w2.ti.w4>  and  the  other  does  not  visit  {wj.w2,w4,w5};  call  this  trail  cover  ~J.  Note  that 
J  -  { <w2.Ji.w4> }  contains  <v>  and  visits  u.  Hence  it  is  a  trail  cover  of  G'  and.  since  v  is  not  useful 
in  G\  rJ  ■  ! <w2.t<.5va>}l  >  t(G’)  -  1  and  7  >  i(G')  +•  2  and  is  therefore  not  optimal,  a 
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Theorem  II. 1.11.  For  any  k  >  l.  Gt  -  Kk- 

Proof.  From  the  previous  theorem,  we  only  need  to  show  that  /£*  2  G*.  We  use  induction 

on  k.  It  is  easy  to  verify  the  theorem  for  k  =  1.  Assume  that  the  theorem  holds  for  1. _ Jk  -  1. 

Suppose  that  G  e  G*,  u\  and  u  are  the  leaves  on  a  path  of  maximum  length,  and  that  «i  vj. 
Since  vj  is  penultimate,  it  is  bivalent  and  we  can  define  w  by  N(v\)  =  {ui,w}.  Let  w'  be  the  neigh¬ 
bor  of  w  besides  v]  that  is  on  the  path  between  u\  and  u.  If  d(w)  -  2,  then  the  edge  uivj  is  con¬ 
tractible.  If  w  is  adjacent  to  any  leaf,  then  that  leaf  edge  is  contractible.  Hence  d(w)  £  3  and,  except 
for  w\  every  neighbor  of  w  is  penultimate  (or  else  u  would  have  a  vertex  at  greater  distance  that  u\). 
Since  all  penuldmate  vertices  in  any  critical  tree  are  bivalent,  we  have  the  situation  illustrated  below. 


Figure  II.  1.5 

Let  £  =  d(w)  -  1;  the  vertex  w  has  the  q  penultimate  and  bivalent  neighbors  vj . vr. 

If  £,  =  2,  then,  by  two  applications  of  Lemma  II.  1.7(i)  and  one  application  of  Lemma  II.  1.7(ii), 
we  have  one  trail  T  that  covers  the  edges  that  are  incident  to  w,  vj,  and  vi.  Let  G'  be  the  graph  ob¬ 
tained  by  deleting  these  edges  from  G.  Since  G  is  /fc-critical.  G'  must  be  (k  -  1  ^-critical  and.  by 
induction,  G'e 

We  now  show  that  w'  is  black.  Suppose  that  w’  is  white.  Contract  the  edge  ww'  in  G.  The  trail 
T  now  contains  the  venex  w\  By  Theorem  0.1. 10,  w’  is  not  useful  in  G'  and  therefore  the  fact  that  T 
visits  w’  does  not  affect  the  number  of  trails  that  are  still  required  to  cover  E(G').  Hence  tiG  • 
wwj  =  1  +  t(G')  -  k,  contradicting  the  criticality  of  G.  Hence  w'  is  black  in  G'  and  G  is  an  aug¬ 
mentation  of  G'  at  w\ 

C  “  1 

If  ^  is  odd,  then  o  applications  of  Lemma  II.1.7(i),  followed  by— ^ —  applications  of  Lemma 
£  -  I  * 

II.  1  7(ii)  results  in  — ^ —  trails  and  an  additional  trail  T  that  we  may  assume  is  v^w.  The  construction 
of  Lemma  II.  1.7  does  not  forbid  extending  T  to  w'.  Therefore,  the  edge  vvw'  is  contractible, 
contradicting  the  criticality  of  G.  Hence  ^  cannot  be  odd. 


If  £  is  even  and  at  least  four,  then  let  G'  =  G  -  ( vi.v?}.  By  two  applications  of  Lemma  II.1.7(i) 
and  one  application  of  Lemma  Il.lJfii),  we  obtain  one  trail  <vi,n\v'2>  that  covers  E(G)  -  E(G’). 
Repeating  this  procedure,  we  may  assume  that  there  is  another  trail  <v3,w,V4>,  making  the  fact  that  w 
has  already  been  visited  meaningless.  Hence  we  can  safely  ignore  the  fact  that  the  first  trail  visits  w 
and  so  G '  €  Gk-\  and,  by  induction,  G'  e  \.  By  Lemma  II.  1.8,  w  is  not  useful  in  G'.  By  in¬ 
duction,  w  must  be  white  and  so  G  is  an  augmentation  of  G'  at  vv.* 

Corollary  II. 1.12.  For  any  tree  G  with  at  least  three  vertices,  KG)  <^1—1 — 1  . 
Furthermore,  for  any  n,  there  exists  a  tree  Gn  such  that  I(Gn)  =  Lr-— ^ — — ■  J  and  so  the  result  is  best 
possible. 

Proof.  Let  f(G)  =  n<G)  -  At(G)  +  1.  It  suffices  to  show  that/>  0  for  all  trees.  Suppose  that 
G  is  such  that/is  minimized.  If  the  contraction  of  an  edge  does  not  decrease  the  trail  cover  number, 
then  it  decreases/ and  so  we  may  assume  that  no  edge  is  contractible.  Hence  G  €  G*  =  for  some 
k.  But  then  G  is  created  by  a  sequence  of  augmentations  from  K\  Each  augmentation  from  a  black 
vertex  increases  :  by  one,  n  by  five,  and  hence /bv  one.  Each  augmentation  from  a  white  vertex  in¬ 
creases  r  by  one,  n  by  four,  and  hence  does  not  affect/.  To  minimize /,  we  therefore  use  as  few  aug¬ 
mentations  from  black  vertices  as  possible. 

The  first  augmentation  must  come  from  a  black  vertex  because  initially,  there  are  no  white  vertices. 

However  the  remaining  augmentations  can  come  from  the  one  white  vertex.  This  construction  yields 

graphs  with  minimum  values  of/ and  this  value  is  zero.  This  establishes  the  lower  bound  on /and  the 

sequence  of  graphs  constructed  this  way  shows  that  it  is  best  possible.* 

Let?  be  the  set  of  graphs  indicated  in  Figure  II.  1.6.  The  above  proof  shows  that  members  of? 

5n  -  3 

are  the  only  graphs  for  which/  =  0  and  therefore,  the  only  graphs  for  which  /  j  -j —  (note  that 
there  are  no  “floor"  marks  in  this  statement). 


Fisure  11.1.6 
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2  .  Cacti  and  Dense  Cacti 

We  will  define  a  finite  set  2  of  exceptional  cacti.  The  goal  of  §n.2  is  to  prove  Theorem  II. 2. 1. 

1 8  )  1  ^ 

Theorem  II. 2.1.  If  G  is  a  cactus  that  is  not  in  S,  then  KG)  < — — - — .  Furthermore,  for 

any  n,  there  exists  a  cactus  Gn  with  n  vertices  for  which  l(Gn)  =  and  so  the  result  is 

best  possible. 

L c:f(G)  =  IS/i/Gj  -  13//G)  -  12.  Theorem  II.2.1  can  be  restated  in  the  following  more  conve¬ 
nient  form. 


Theorem  II.2.1'.  If  G  is  a  cactus  that  is  not  in  £,  then  f(G)  >  0.  Furthermore,  for  any  n,  there 
exists  a  cactus  G*  with  n  vertices  for  which  0  <  f(Gn)  <  13,  and  so  the  result  is  best  possible. 


After  defining  2,  we  will  construct  an  infinite  sequence  of  cacti  that  shows  that  Theorem  11.2.1’  is 
best  possible.  We  will  then  prove  Theorem  II.2.1'  for  triangle-free  cacti  and  then  use  this  result  to 
prove  Theorem  II.2. 1 '  for  arbitrary  cacti. 

We  first  define  an  infinite  set  2'  of  graphs,  a  finite  subset  of  which  will  be  the  exceptional  subset 
E.  The  set  2'  is  built  by  starting  with  the  two  small  graphs  Ki  and  C*;f(K2)  =  -2  and/fCaj  =  -5. 
We  then  define  two  enlargement  procedures.  Each  procedure  will  increase  /but  by  such  a  small 
amount  that  we  can  apply  the  procedures  a  few  times  and  still  have  a  negative  value  of /. 

The  enlargement  procedures  depend  on  the  graphs  T j  and  I~2  shown  below. 


u 


Figure  II.2.1  H 
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For  i  =  1,2.  an  /-operation  on  a  graph  G  is  the  identification  of  u  e  V(T ,)  with  some  v  s 
VfG).  Examples  of  these  operations  appear  below. 


The  vertices  and  edges  added  to  the  graph  during  the  operations  are  called  new  and  the  rest  of  the 


vertices  and  edges  are  called  old. 

Lemma  II. 2. 2.  If  H  is  any  graph  obtained  by  a  1-operation  from  a  graph  G,  then  f(H)  =  f(G )  +  1. 

Proof.  Since  n(H)  =  n(G)  +  8,  it  is  easy  to  verify  that  the  lemma  is  true  if  and  only  if  1(H)  = 
UG)  f  11.  The  representation  below  shows  that  /(T ii  ^  1 1  and  so,  by  representing  G  and  T i  sepa¬ 
rately,  we  see  that  1(H)  <  1(G)  +  11. 

u 

V2  V4  Wj  W3  Wj 

v;  V3  Vf  "wo  *  wj 

Figure  n.2.3 

We  must  show  that  1(H)  >  [(G)  +11.  Suppose  that  R  is  a  represention  of  H.  Partition  the  inter¬ 
vals  of  R  into  R\<jR2  where  R 1  =  u [R(u) :  u  is  old}  and  R2  =  ^j{R(u)  :  u  is  new).  Since  the 
graph  induced  by  the  new  vertices  is  triangle-free,  we  can  use  Lemma  1.6.1  to  show  that  I/?2*  ^  10  and 
that,  if  i/?2l  =  10.  then  R2  is  contiguous.  Since  R 1  is  a  represention  of  G,  \R\l  >  1(G).  Therefore. 

IRI  *  !/?[l  +  V?2(  ^  KG)  +  10  and  equality  exists  only  if  l/?il  =*  1(G)  and  R 2  is  contiguous. 

Hence  we  may  assume  that  /?2  is  contiguous  and  that  it  corresponds  to  a  single  covering  trail  of  the 
graph  that  is  induced  by  the  new  vertices.  Any  such  trail  must  contain  the  edge  vpvi  and  this  edge  can 
be  neither  the  first  nor  the  last  edge  of  the  trail.  Therefore,  any  interval  of  R\  that  intersects  both  a 
vj -interval  and  a  wj -interval  must  either  intersect  no  other  inter/al  or  at  least  one  other  member  of  /?2 

In  particular,  if  some  u-interval  9  intersects  both  a  vi-interval  and  a  wi-interval  then,  since  u  is  not 
adjacent  to  any  other  new  vertex,  9  must  not  intersect  any  other  interval.  But  then  the  removal  of  9 
leaves  a  represention  of  G.  Hence  !/?  1 1  >  KG)  +  1  and  l#l  >  KG)  +11. 

If  two  different  u-intervals  9j  and  92  intersect  members  of  R 2,  then,  since  R 2  is  contiguous,  re¬ 
moving  /?2  and  splicing  9i  to  92  results  in  a  representation  of  G  with  l/?]l-l  intervals.  Hence  '/?  ]  J  > 
KG>  -  1  and  \R\  >  1(G)  *  11.* 

Lemma  1 1.2.3.  If  H  is  any  graph  obtained  by  a  2-operation  from  a  graph  G.  then  f(H)  >f(Gi  f  2. 

Proof.  Since  n(H)  -  n(G )  +  3,  it  is  easy  to  verify  that  the  lemma  is  true  if  and  only  if  l(H\  > 
KG)-  4.  Suppose  that  R  is  a  represention  of  H.  We  partition  R  as  in  Lemma  II. 2.2  and  use  the  same 
arguments  to  show  that  1(H)  <KG)~  3  implies  that  l/?il  =  KG)  and  !/?:!  =  3. 
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If  it  is  possible  to  remove  the  intervals  of  R z  and  rearrange  the  components  of  Ri  so  that  there  are 
two  u-intervais  Q\  and  02.  with  no  other  interval  between  them,  then  0j  and  62  can  be  spliced  together 
to  obtain  a  represennon  of  G  that  has  fewer  intervals  than  /?i.  But  then  >  KG)  and  IRI  2  KG)  + 

4  Since  u  is  the  only  old  vertex  with  an  interval  that  intersects  any  member  of  Rz,  only  one  u-interval 
intersects  any  member  of  R  2.  But  there  must  be  at  least  five  intervals  involved  in  the  representation  of 
the  new  edges.  Since  there  is  only  one  u  interval  involved,  we  must  have  l/M  £  4  and  l/?l  >  KG)  + 

4  A 

Let  Z'  be  the  set  of  graphs  that  can  be  built  from  {K2.C4}  by  a  sequence  of  1 -operations  and 
2 -operations. 

Lemma  II. 2. 4.  For  any  G  6  Z\  t(G)  =  1. 

Proof.  Neither  operation  changes  the  number  of  vertices  that  are  of  odd  degree.  Since  Kz  has 
only  two  vertices  of  odd  degree  and  C4  has  none,  each  member  of  Z'  has  at  most  two  vertices  of  odd 
degree  and  ail  of  the  edges  can  be  traversed  with  a  single  trail. * 

For  G  €  Z’  and  is  ( 1,2 } ,  let  k,<  G )  be  the  number  of  /-operations  applied  to  a  member  of 
1  i^;.Ca}  to  obtain  G.  We  say  that  G  has  base  Kz  1C4.)  if  G  is  the  result  of  1 -operations  and 
2-operanons  applied  to  Kz  (C± ). 

Corollary  II. 2. 5.  Suppose  that  G  s  Z'.  If  G  has  base  B.  then  ffG )  =f(B)  +  k\(G>  2 kyG). 

Proof.  Lemmas  n.2.2  and  II.2.3  show  that  1 -operations  and  2-operations  increase  the  total 
interval  number  by  at  least  eleven  and  four.  Lemma  0.2.4  shows  that,  when  restricted  to  members  of 
Z\  they  increase  it  by  at  most  eleven  and  four.  The  rest  is  simple  arithmetic,  a 

We  define  Z  to  be  those  members  of  Z'  that  are  obtained  by  one  of  the  following. 

i.  Start  with  K 2  and  apply  up  to  one  1 -operation. 

11.  Start  with  Ca  and  apply  one  of  the  following. 

a.  Two  2 -operations 

b.  One  2-operation  and  up  to  two  1  -operations 
b.  Zero  2-operanons  and  up  to  four  1-operanons 

The  order  of  the  operations  in  n.a..  :i.b..  and  ii.e.  is  irrelevant.  By  Corollary  II.2.5,  the  ^et  5  is 
precisely  ’.hose  members  of  Z'  for  which  /<  0.  After  establishing  the  best  possible  assertion  of 
Theorem  11.2.1  .  we  will  show  that  the  members  of  £  are  the  only  cacti  for  which /<  0. 


3' 
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To  prove  that  Theorem  0.2. 1'  is  best  possible,  we  need  to  construct  a  sequence  of  cacti  for  which 
we  can  find  a  suitably  large  lower  bound.  This  bound  will  be  established  by  actually  computing  /  for 
the  members  of  the  sequence. 

There  are  two  types  of  subgraphs  that  are  particularly  useful  when  computing  the  total  interval 
number  of  triangle-free  cacti.  A  cluster  of  a  non-Eulerian  subgraph  is  a  maximal  induced  subgraph  C 
that  satisfies  the  following: 

i.  n< C i  >  2 

ii.  C  is  Eulerian. 

iii.  Exactly  one  component  of  G  -  E(C)  is  non-trivial. 

If  C  is  a  cluster,  then  let  D<C)  be  the  non-trivial  component  of  G  -  E(C).  There  is  exactly  one 
vertex  of  V(C)  that  is  also  in  D(C)  and  this  vertex  is  called  the  base  of  the  cluster.  If  C  is  a  cluster 
with  base  u  and  Nd(C)(u)  =  { v } ,  then  C  is  called  an  appendage  and  v  is  called  the  neighbor  of  C. 
Examples  appear  in  Figures  11.2.4(a)  and  11.2.4(b). 


Figure  11.2.4(a)  Figure  11.2.4(b) 

For  each  graph,  the  circled  vertices  induce  clusters  with  base  u.  In  Figure  11.2.4(b),  this  cluster  is  an 
appendage  with  neighbor  v.  Note  that  v  is  also  the  base  of  a  (different)  cluster  and  its  neighbor  is  u. 
The  next  lemma  and  its  corollary  are  the  keys  to  computing  t  for  cacti. 

Lemma  11,2.6.  There  exists  an  optimal  trail  cover  7  such  that,  for  each  cluster  C,  there  exists 
Tr  *  7  such  that  some  subtrail  of  Tq  is  an  Euler  tour  of  C. 

Proof.  Let  7"  be  a  trail  cover.  Fix  some  cluster  C  and  let  u  be  the  base  of  C.  Because  some 
edge  of  C  is  not  incident  to  :i.  some  trail  must  contain  a  vertex  of  C  other  than  u.  If  such  a  trail  con¬ 
tains  u.  then  :t  is  an  entering  trail  and  if  it  does  not  contain  u,  then  it  is  an  interior  trail. 

If  there  is  no  entering  trail,  then  remove  ail  'interior  trails  and  add  a  trail  that  is  an  Euler  tour.  Now 


suppose  that  there  is  at  least  one  entenng  trail.  We  first  remove  all  intenor  trails.  Each  entering  trail  7 
contains  at  least  one  subtrail  that  starts  and  ends  at  u  and  whose  edge-set  is  a  subset  of  E(C).  We  re¬ 
move  the  edges  of  these  subcrails  from  the  edge- set  of  7,  leaving  us  with  a  set  of  edges  of  a  trail  T  that 
contains  u  and  covers  all  of  the  edges  outside  of  C  that  7  does  Repeat  this  for  every  entering  trail. 

Now  select  some  trail  U  that  contains  u.  If  U  =  <u>,  then  replace  U  with  an  Euler  tour  of  C. 
Otherwise,  there  is  a  subtrail  <u.v>  of  U.  Replace  this  by  an  Euler  tour  of  C  concatenated  with 
<a.v>. 

For  each  case,  the  number  of  trails  does  not  increase.  Repeat  this  procedure  for  each  cluster.  * 

Corollary  II. 2. 7.  Let  G  be  a  cactus.  Then  there  is  an  optimal  trail  cover  7 such  that,  for  each  ap¬ 
pendage  C  with  base  u  and  neighbor  v,  some  7c  e  7  has  an  end  at  u.  In  particular,  a  lower  bound  on 
t  is  half  of  the  number  of  appendages. 

Proof.  Consider  the  optimal  trail  cover  of  Lemma  II.2.6.  Because  there  is  only  one  edge  inci¬ 
dent  to  u  and  not  in  7(C),  both  ends  of  the  trail  cannot  be  outside  of  V(C ).A 

In  Figure  II.2.5,  there  are  thirteen  graphs  {Gj :  i  =  1 . 13 };  one  for  each  congruence  class 

modulo  thirteen. 

Let  G'  be  the  graph  in  Figure  II.2.6. 


Figure  II. 2. 6:  G‘ 


We  will  construct  graphs  by  identifying  a  vertex  of  G,  with  copies  of  G'.  The  next  lemma  shows  that 
each  copy  of  G'  increases  the  mail  cover  number  by  one. 

Lemma  1 1.2.8.  Let  Gi7-  be  the  graph  obtained  by  identifying  the  vertex  u  of  r  copies  of  G'  with  the 
vertex  it  of  G,.  Let  :,.r  =  r  -  1  if  i  *  13  and  r  -*-  2  if  i  =  13.  Then  t(Gir)  =  U.r- 

Proof.  To  establish  :(G,ri  <  tu ..  note  that  the  number  of  vertices  that  are  of  odd  degree  shows 
that  we  can  pennon  'and  not  merely  cover)  the  edges  into  trails. 


Fgure  II.2.5 

Let  G  =  Gir.  We  will  show  that  t(G)  We  will  do  this  by  finding  a  subset  U  of  V  for  which 
ICl  >  2:l<r  1  and  there  exists  some  optimal  trail  cover  T  that  ends  at  each  member  of  11.  Note  that  each 
vertex  labelled  v  or  vj  in  Figure  II.2.5  is  the  base  of  an  appendage.  Therefore,  by  Corollary  II.2.6,  we 
may  put  each  of  these  vertices  into  U.  We  will  be  done  if  we  can  find  2 r  more  vertices  to  include  in  U 
and  this  will  be  accomplished  if  we  can  find  two  vertices  from  each  copy  of  G'  in  G. 

Fix  some  copy  of  G'  and  assume  that  it  is  labelled  as  in  Figure  II.2.6.  Consider  the  appendage 
with  base  u'.  By  Corollary  II.2.6,  we  have  an  end  at  the  base  of  this  appendage.  If  this  copy  of  G' 
does  not  have  another  end,  then  this  trail  must  continue  out  of  the  appendage  to  v  and.  by  symmetry, 
we  may  assume  that  it  continues  to  w. 

After  removing  the  edges  traversed  so  far.  v  is  a  leaf  of  the  remaining  graph.  If  some  trail  contain^ 
v.  then  it  has  an  end  at  v,  providing  the  second  end  within  G'.  If  not.  then  the  edge  w'v  is  not  in  any 


trail  and  can  be  removed  when  searching  for  an  optimal  trail  cover.  The  left  4-cycle  is  then  an  ap¬ 
pendage  and  we  may  assume  that  some  trail  has  an  end  at  w'  since  no  trail  can  traverse  the  edge  uw' 
twice.  Hence  each  copy  of  G'  contains  two  ends  of  trails.  * 

The  reader  may  wonder  why  attaching  copies  of  G'  to  the  triangle-free  members  of  E  does  not  in¬ 
crease  the  trail  cover  number.  The  reasoning  of  the  above  argument  breaks  down  since  each  triangle- 
free  member  of  S  has  no  appendage  and  hence  the  first  copy  of  G'does  not  increase  the  trail  cover 
number  Subsequent  copies  do  increase  t  by  one. 

Corollary  II.2.9.  Theorem  11.2.1’ is  best  possible. 

Proof.  By  using  the  fact  that  t(G0  =  1  if  /  *  13  and  2  if  i  =  13,  we  have  0  <f(Gi)  <  13. 
From  the  previous  theorem,  we  have  rJ/+i  =  rt/  +1.  It  is  clear  that  m(Gt>r+i)  =  m(Gij)  +  17  and, 
since  Glx  is  triangle-free,  that  I(Gl/+\)  =  18  +  l(Gi>r).  Moreover  it  is  immediate  that  n(Glir+\)  = 
n(Gij-)  +  13.  From  these  facts  and  the  definition  of /,  we  have  f(Gij+\)  =f(Gl>r)- * 

We  now  present  the  proof  of  the  upper  bound  for  triangle-free  graphs.  We  seek  to  Find  triangle- 
free  cacti  with  minimum  values  of/ and  show  that,  for  cacti  not  in  E,  this  minimum  is  zero. 

If  G  is  a  cactus  and  some  operation  on  G  results  in  a  cactus  H ,  then  we  define  A n  =  n(G )  -  n(H), 
A m  =  m(G)  -  m(H ),  Ar  =  t(G)  -  t(H),  M  =  1(G)  -  1(H),  and  A f  =  f(G)  -f(H).  Note  that  A/  = 
18An-I3A/  and  A I  =  Am  +  Ar.  These  difference  operators  allow  us  to  focus  on  hypothetical 
graphs  with  negative  values  of/.  It  may  seem  more  natural  to  define  the  difference  operaters  to  be  the 
negative  of  what  they  are;  the  choice  of  sign  is  made  to  make  the  most  critical  part  of  the  proof  more 
natural. 

A  triangle-free  cactus  G  is  abnormal  if  G  «  E  and  f(G)  <  0.  Our  goal  is  to  prove  that  there  are 
no  abnormal  cacti.  The  following  lemma  follows  immediately  from  the  definitions  and  simple  arith¬ 
metic. 

Lemma  II. 2. 10  Suppose  that  G  is  an  abnormal  graph  and  H  is  the  result  of  some  operation  on  G. 

If  H  is  a  non-exceptional  triangle-free  cactus  and  A/>  0,  then  H  is  abnormal.  A 

By  Lemma  II. 2. 10.  it  is  sufficient  to  establish  the  following  three  properties  for  an  operation  in  or¬ 
der  to  prove  that  it  preserves  abnormality.  We  continue  to  use  the  convention  that  G  is  the  graph  being 


operated  on  and  H  is  the  result  of  the  operation. 

If  G  is  abnormal,  then  H  is  a  triangle-free  cactus.  (II. 2 

If  H  <=  S,  then  G  is  normal.  (II. 2 

A/>  0  (II. 2 

For  the  operations  that  we  will  discuss,  (II.2.1)  will  always  be  easy  to  establish  because  the 
operation  will  be  defined  to  ensure  it  A  tedious  but  simple  inspection  will  be  necessary  to  establish 
(11.2.2).  For  this,  it  is  convenient  to  have  the  triangle-free  members  of  2  listed  explicitly.  There  are 
onlv  six  and  thev  are  shown  below. 


Figure  II.2.7 

We  will  work  out  the  details  for  establishing  (II.2.2)  only  for  the  first  operation. 

The  key  step  in  establishing  (II.2.3)  is  to  bound  At  by  some  appropriate  constant.  We  do  this  by 
transforming  an  optimal  trail  cover  for  H  into  a  trail  cover  for  G.  It  is  because  of  this  transformation 
that  we  define  the  difference  operators  as  we  do. 

There  are  two  abnormality  preserving  operations  A  and  A’  (defined  in  Lemmas  II.2.11  and 
n.2. 12)  that  increase  the  number  of  vertices.  We  will  assume  that  these  operations  are  performed  until 
they  cannot  be  performed  any  more.  It  is  easy  to  see  that  this  process  terminates  in  a  finite  number  of 
steps. 

There  are  then  ten  operations  {/V  :  i  =  1,...,10},  each  of  which  preserves  abnormality  and 
decreases  the  number  of  vertices.  But  each  of  these  operations  could  result  in  a  graph  on  which  A  or 

A'  could  operate.  Therefore  we  define  ten  “companion”  operations  {A, :  i  =  1 . 10).  each  of 

which  preserves  abnormality,  decreases  the  number  of  vertices,  and  leaves  a  graph  on  which  neither  A 
and  A '  can  operate. 

Lemma  II. 2. 11.  If  u  s  V  and  .\'<u>  =  (v),  then  let  A(G)  be  the  graph  obtained  from  G  by 
adding  two  new  vertices  u\  and  ;r  and  the  edges  {uu\.U]U2.uzv).  Then  A  preserves  abnormality. 


Proof.  It  is  clear  that  A  satisfies  (II. 2.1). 

For  (II. 2.3),  let  H  =  A<G).  Let  a  be  the  minimum  size  of  trail  covers  of  G  -  u  that  visit  v.  It  is 
easy  to  see  that  tiG/  =  t(H)  =  a.  Hence  A;  =  0  and  A 1  =  Am.  Since  Am  =  -3  and  A/i  =  -2,  we 
have  l8An  -  13A I  =  3  >  0  and  (II.2.3)  is  established. 

For  (II.2.2),  note  that  if  H  is  exceptional,  then,  by  inspection,  we  have  the  candidates  for  the  pairs 
iG.H)  that  are  listed  below. 


For  each  candidate  for  G  that  is  not  exceptional,  it  is  easy  to  verify  that  t(G)  =  I  and  f(G)  2: 0.  * 

Lemmas  1 1.2. 1 2  through  II.2.20  similar  to  Lemma  II.2. 1 1 .  For  each  operation,  we  must  verify 
properties  (II.2.1)  and  (II.2.2).  These  are  always  straightforward  so  the  proofs  will  concentrate  on  the 
verification  of  (II.2.3). 

Lemma  II. 2. 12.  If  u  and  v  are  bivalent  and  adjacent  to  each  other,  and  no  4-cycle  contains  uv, 

then  let  H  =  A'(G)  be  the  graph  obtained  from  C  by  contracting  uv  to  form  the  new  vertex  u\  and 
adding  vertices  {v'.vj.vt}  and  edges  («V,  v'vi,viv2,v2«'}.  Then  A’  preserves  abnormality. 

Proof.  The  restriction  concerning  a  4-cvcle  ensures  that  H  is  triangle-free.  It  is  easy  to  verify 
(II. 2. 1)  and  (II.2.2)  (the  same  candidates  for  H  exist  as  for  Lemma  II.2.11).  For  (II. 2. 3),  note  that  A t 
is  again  zero  since  uv  is  vital  by  Lemma  I.6.2(ii).  Then  the  same  calculations  used  in  Lemma  EI.2.1 1 
apply. a 

Hencciorth.  we  restrict  ourselves  to  triangle-free  cacti  for  which  neither,-)  nor  A  'applies.  Let  f 
be  the  abnormal  triangle-free  cacd  for  which  neither  A  nor  A’  applies. 

In  the  proofs  of  the  following  lemmas,  we  will  assume  that  H  is  the  result  of  the  operation  being 


discussed. 


Lemma  II.2.13.  If  C  is  a  cluster  with  base  u,  and  C  is  not  a  4-cycie,  then  let  A\(G)  be  the  graph 
obtained  from  G  by  removing  V(C)-u  and  making  u  the  base  of  a  new  cluster  that  is  a  4-cycle. 

Then  /if  preserves  abnormality. 

Proof.  Properties  (II.2.1)  and  (II.2.2)  are  easy  to  verify. 

For  (II.2.3),  Lemma  II.2.2  guarantees  that  At  =  0  and  therefore  that  AI  =  Am.  Now  let  a*  be  the 
number  of  ^-cycles  in  C.  By  hypothesis,  (04  -  l)  +  X^_5ak  -  *• 

Since  each  /.'-cycle  in  C  increases  the  number  of  vertices  by  k  - 1  and  the  number  of  edges  by  k, 
we  have  the  following  identities. 

n(C)  =  Xit=4^  -  Ua*  +  1  and  m(C)  =  XL4*a* 

An  =  *  Ua*  -  3  and  Am  =  X^4 kak  -  4 

A/=  18An  -  13 A/  =  2a4  -  2  +  5Skak  -  18a* 

Note  that  each  summand  in  the  final  formula  of  A/"  is  nonnegative.  If  04  <  1,  then  X*_5 ak  - 
YJl-pkaic  -  18a*  >  7,  and  A/S  5.  If  a4  S  2,  then  2a4  -  2  >  2  and  A ft  2.  Either  way,  (II.2.3) 
is  established,  a 

Lemma  II.2. 14.  If  C\  is  an  appendage  with  neighbor  u  and  Cz  is  a  cluster  with  base  u,  then  let 
Az(G)  be  the  graph  obtained  from  G  by  removing  V(Cz)  -  (w).  Then  An  preserves  abnormality. 
Proof.  Properties  (II.2.1)  and  (II.2.2)  are  easy  to  verify. 

From  Lemma  II.2.13,  both  C 1  and  Cz  are  4-cycles.  By  Lemma  II.2.2  and  corollary  11.2.3, 
t(H )  =  i(G).  Hence  At  -  0,  Am  =  4,  AI  =  4,  An  =  3,  and  I8An  -  13 A/  =  2  >  0.  a 

Lemma  11,2.15.  If  C\  and  Cz  are  appendages  chat  have  a  common  neighbor  u,  then  let  Aj(G)  be 
the  graph  obtained  from  G  by  removing  V(Ci)  u  V(Cz)  Then  Aj  preserves  abnormality. 

Proof.  Properties  <11.2. 1 )  and  (II. 2.2)  are  easy  to  verify. 

Suppose  that  we  have  an  optimal  trail  cover  for  H.  By  using  one  additional  trail  to  cover  the  edges 
of  the  appendages  and  the  edges  from  11  to  the  appendages,  we  see  that  A;  <  1  (Note  that  if  H  <=  2, 
then  A;  =  0).  Since  Am  =  10,  we  have  A/  ^  II.  Since  An  =  8.  we  have  I8A/1  -  13A/  >  f  1 8 >< 8 )  - 


For  the  next  two  lemmas,  properties  (II. 2.1 )  and  (II. 2.2)  are  easy  to  verify  and  property  (II. 2. 3) 
follows  directly  from  calculations  and  the  easily  verified  fact  that  Ar  =  0. 

Lemma  II.2.16.  Suppose  that  C  is  a  cluster  with  base  u\,  and  some  ui  €  N(u\)  -  V(C)  is  biva¬ 
lent.  Let  AifG)  =  G  -  <V(C)  -  ui).  Then  Al  preserves  abnormality.* 

Lemma  II.2.17.  Suppose  that  C\  and  Ci  are  clusters  with  bases  u\  and  U2,  u\  uz,  and  each 
Lit  has  exactly  two  neighbors  that  are  not  in  its  cluster.  Let  As<G)  =  G  -  (V(C2)  -  { «2)  L  Then  ^5 
preserves  abnormality,  * 

The  next  three  lemmas  deal  with  appendages.  The  operations  and  proofs  are  almost  identical  to 
each  other.  Therefore  we  summarize  the  operations  in  Figure  II.2.9.  Lemmas  II.2.18,  II.2.19,  and 
n.2.20  deal  with  the  configurations  shown  in  Figures  H.2.9(a),  11.2.9(b),  and  11.2.9(c).  For  all  three 
configuradons,  the  corresponding  operation  results  in  Figure  11.2.9(d). 

VV,  W->  W,  W?  W,  VV-) 

A-  A~ 


Figure  11.2.9(a)  Figure  11.2.9(b)  Figure  0.2.9(c)  A&,  Aj,  or  .As  — ►  Figure  11.2.9(d) 


We  write  out  the  proof  only  for  Lemma  II.2. 18.  The  other  proofs  are  similar. 

Lemma  II.2.13.  Suppose  that  C  is  an  appendage  with  base  u\  and  neighbor  vi,  N(v\)  = 
{j<l,wi,v2l,  iWv2>  =  (vi,w2)  and  vjv2  is  not  part  of  a  4-cycle  or  a  5-cycle.  Let  A£( G )  =  G  - 
( V  t  C)  vj  ( v  ]  ,v’2 } )  { w  1  w'2 } .  Then  A£  preserves  abnormality. 

Proof.  Properties  (n.2.1)  and  (n.2.2)  are  easy  to  verify.  Note  that  the  restriction  concerning 
4-cycies  and  5-cvcies  included  ensure  that  A^(G)  contains  no  triangles.  For  (n.2.3),  arithmetic  shows 
that  it  is  sufficient  to  establish  that  At  <  1. 

Let  e  =  wjw2  and  let  7  be  an  optimal  trail  cover  of  H.  If  e  e  EiG)  or  if  no  trail  in  7  contains  e. 
then  use  7  and  add  a  trail  that  covers  E(C)  and  the  path  <wi,V],V2,  w'2>  thus  showing  that  At  <  1.  If 
some  T  <=  7  contains  e.  then  adjust  7  by  the  following: 


i.  Remove  e,  resulting  in  two  trails  T\  and  TN.  where  T\  ends  at  w\  and  Tb  ends  at  W2. 

ii.  Extend  T\  to  vj,  then  u and  then  an  Euler  tour  of  C. 

iii.  Extend  7b  to  V2. 

We  have  replaced  T  by  {7*iJb}.  again  establishing  that  Ar  <  1.* 

For  Lemmas  II.2.19  and  II.2.20,  it  is  sufficient  to  show  that  At  ^  1  in  order  to  establish  (II.2.3). 
The  adjustment  of  T  in  the  last  pan  of  the  proof  can  easily  be  modified  to  do  this.  We  state  these  lem¬ 
mas  without  additional  proof. 

Lemma  II.2.19.  Suppose  that  C  is  an  appendage  with  base  u  1  and  neighbor  vj,  C'  is  a  cluster 
with  base  vj,  vi  V2,  N(v\)  =  {mi,wi,v2),  N(v2)  -  V(C')  =  {vi,w2),  and  vjV2  is  not  pan  of  a 
4-cvcle  or  a  5-cycle.  Let  Aj(G)  =  G  -  (V(C)  vj  V(C'))  u  {wiw2}.  Then  Aj  preserves 
abnormality.  ♦ 

Lemma  II.2.20.  Suppose  C  is  a  an  appendage  with  base  u  1  and  neighbor  vjt  C'  is  an  appendage 
w'ith  base  112  and  neighbor  V2,  vj  V2,  N(v\)  =  {«i,wi,V2},  N(v 2)  -  V( C')  =  {vi,w2),  and  vjV2 
is  not  pan  of  a  4-cvcle  or  a  5-cycle.  Let  A&(G)  -  G  -  (V(C)  vj  V(C')  u  {vj,v2))u  {wiw2). 
Then  .4#  preserves  abnormality,  * 

For  each  of  i  =  1 . 8,  let  A;  be  defined  as  A(  followed  by  applications  of  A  orA'until  neither/! 

nor  .4'  applies.  We  state  the  following  lemma  without  proof.  At  this  point,  the  only  assertion  that 
needs  verification  is  that  the  number  of  vertices  decreases.  For  each  of  the  eight  cases,  this  is  easy  to 
verify. 

Lemma  II. 2. 21.  For  each  i  =  1 . 8,  if  G  e  C  and  G  is  abnormal,  then  Aj(G)  s  C,  Ai(G)  is 

abnormal,  and  n(A;(G)  <  n(G).A 

Now  assume  that  G  is  such  that  none  of  {.4; :  i  =  I,... ,8)  applies.  We  will  define  two  more  op¬ 
erations  49  and  A  j'o  that  also  preserve  abnormality  and  decrease  the  number  of  vertices,  and  then 

modify  them  as  we  modified  A\, _ 4g  to  form  49  and  Aio- 

Recall  that  every  block  is  either  a  single  edge  or  a  cycle.  We  call  these  types  of  blocks  edge- 
blocks  and  cycle-blocks  respectively.  If  there  is  at  most  one  edge-block,  then  we  can  traverse  the 
entire  graph  with  just  one  trail  and.  by  the  argument  of  Lemma  II. 2. 1 3.  G  is  normal.  Hence  we  may 
assume  that  there  are  at  least  two  edge-blocks. 
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Lemma  II. 2. 22.  There  exists  a  cycle  ©  in  G  and  a  vertex  w  in  0  such  that  ©  has  the  following 


property: 


With  the  exception  of  w,  every  vertex  u  of  ©  satisfies  exactly  one  of  the  following  conditions. 

(i)  d(u)  =  2 

(ii)  d(u)  =  3  and  u  is  the  neighbor  of  an  appendage.  (II.2.4) 

(iii)  d(u)  =  4  and  u  is  the  base  of  a  cluster  that  is  not  ©. 


Furthermore,  some  vertex  of  ©  other  than  w  is  the  neighbor  of  an  appendage. 


P  roof.  Let  B(G)  be  the  block  graph  of  G.  Let  e  and  e'  be  maximally  distant  edge-blocks. 


Since  e  is  not  part  of  any  cycle,  it  is  a  cut-edge.  Let  Y  and  Y  be  the  two  components  of  G  -  e,  where 


e'  €  E(Y).  Define  u  and  v  by  e  =  uv,  u  e  X,  and  v  e  Y.  Let  X'  be  the  block  that  is  on  the  mini¬ 


mum  path  in  B(G)  between  e  and  e’  and  is  adjacent  to  e. 


If  X  has  an  edge-block  e",  then  e'  and  e"  are  a  greater  distance  from  each  other  in  B(G)  than  e  and 


e'  are,  a  contradiction.  Hence,  Y  is  Eulerian.  Since  G  has  no  leaves,  n( X)  >  2  and  it  follows  that  Y 


is  a  cluster  and  therefore  a  4-cvcle. 


If  there  is  an  edge-block  e"  =  u'v,  where  u*  *  u,  then  e"  is  also  a  maximum  distance  from  e  and 


so  the  same  argument  shows  that  u'  is  the  base  of  a  4-cycle  cluster.  But  then  we  have  a  configuration 


on  which  At,  could  act.  Therefore  the  only  blocks  that  contain  v  are  e,  X’,  and  perhaps  some  other 


cycle-blocks.  Let  H  be  the  graph  induced  by  the  union  of  the  vertices  of  these  other  cycle-blocks. 


If  H  contains  a  vertex  .r  of  some  edge-block  g,  and  x  *  v,  then  g  is  farther  from  e'  than  e,  a  con¬ 


tradiction.  Therefore  H  is  a  cluster  and  we  have  a  configuration  on  which  Az  can  act,  a  contradiction. 


Therefore,  the  onlv  blocks  that  contain  v  are  e  and  Y\ 


If  Y'  is  an  edge-block,  then  we  have  a  configuration  on  which  A 6  can  act.  Therefore,  Y'  is  a  cy¬ 


cle-block.  Let  ©  be  the  cycle  corresponding  to  the  block  Y'.  Let  X"  be  the  block  that  is  not  <?,  is  on 


the  minimum  path  between  e  and  e\  and  shares  a  vertex  w  with  Y’  (See  Figure  II.2. 10). 


Now  suppose  that  v  =  V(@)  and  y  *  w.  Let  Z  be  the  union  of  the  v-components  that  do  not 


contain  Ei&>.  If  Z  contains  exactly  one  cut-edge  g\  then,  either  y  satisfies  (ii)  or  else  g'  is  farther 


from  e  than  e  is.  a  contradiction.  If  Z  contains  more  than  one  cut-edge,  then  either  we  have  a 


configuration  on  which  .42  can  act  or  we  again  have  an  edge-block  that  is  farther  from  e'  than  e  is. 


Hence  Z  is  Eulenan  and  is  therefore  a  cluster,  and  (  iii)  holds  for  v.  * 


rv 


Figure  II.2.10 

We  continue  with  the  assumption  that  none  of  A,  A',A\,...A8  applies.  We  now  define  the  two 
operations  Ag  and  A 10,  one  of  which  will  apply. 

Define  0  and  w  as  in  Lemma  n.2.22.  Let  ui  and  U2  be  members  of  0  that  are  not  equal  to  w.  We 
summarize  the  restrictions  on  the  pair  (u\,U2)  from  Lemmas  11.2. 1 1  to  II.2.20  in  the  following  table. 


“1 

U2 

Operation  that  inhibits 
this  configuration 

Resulting 

possible  lengths  for  © 

bivalent 

bivalent 

A ' 

4 

bivalent 

base  of  cluster 

Aa 

None 

bivalent 

neighbor  of  appendage 

A6 

4,5 

base  of  cluster 

base  of  cluster 

a5 

None 

base  of  cluster 

neighbor  of  appendage 

A-j 

4,5 

neighbor  of 

appendage 

neighbor  of  appendage 

As 

4.5 

Table  II.2.11 

Let  Ag(G)  =  G  -  (V(G")-{ w} ).  Define  A\q(G)  by  the  following.  Start  by  applying  .Ag(G).  Then 
add  a  4-cvcle  that  consists  of  new  vertices  and  edges  and  a  new  edge  between  w  and  one  of  the  ver¬ 
tices  of  the  4-cycle.  Examples  of  these  two  operations  are  given  below. 


Let  Z  be  the  union  of  the  vertex-sets  of  the  clusters  that  have  bases  or  neighbors  in  VY©.)  -  { w} 
and  let  G’  be  the  graph  that  is  induced  by  E  u  V( &).  We  see  from  Table  II.2. 1 1  that  we  are  restricted 
to  our  candidates  for  G' .  A  partial  list  of  the  candidates  for  G'  is  listed  in  Figures  II. 2. 13.  Each  can¬ 
didate  that  is  not  listed  is  a  trivial  modification  of  one  that  appears:  e.g..  one  can  place  a  duster  such 


that  its  base  is  any  vertex  that  is  already  on  a  trail  and  simply  increase  Af.  Note  also  that  there  must  be 

at  least  one  appendage. 

The  caption  of  each  candidate  gives  the  operation  that  is  to  be  applied,  as  well  as  bounds  on  the 

values  of  the  difference  operators. 

In  the  diagram  of  the  candidate,  we  show  a  partial  trail  cover  that 

verifies  the  claim  for  At.  Note  that,  for  graphs  on  which  we  wish  to  apply  A  fo,  we  get  a  “free”  trail  as 

long  as  it  starts  or  ends  at  w. 

W 

W 

i  a  v 

i 

IV 

‘:;S> 

1  <:*r 

-4 10 

-49 

An  =  3  Am  =  4 

An  =11  Am  =  14 

An  =  11  Am  =  14 

Ar=  0  Af  =  2 
Figure  11.2.13(a) 

Ar  <  1  A />  3 
Figure  11.2.13(b) 

Ar  <  1  A/>  3 

Figure  11.2.13(c) 

U  *  11  Am  *  14 

An  =  3  Am  =  4 

An  =  13  Am  =  1" 

Ar  <  1  A/>  3 

A;  =  0  Af  =  2 

Ar  <  1  A f>  0 

Figure  11.2.13(d) 

Figure  11.2.13(e) 

Figure  11.2.13(0 

An  =  8  Am  =  10 

An  =  12  Am  =  15 

An  =  12  Am  =  1 

At  <  1  A f>  1 

A r<  1  A  f>  8 

Ar  <  1  A/>  8 

Figure  11.2.13(g) 

Figure  II.2. 1 3< h  > 

Figure  n.2. 13(i) 
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Art  =  1 1  Am  =  14 

Art  =  12  Am  =  15 

Art  =  13  Am  =  17 

At  £  1  A />  3 

Ar  <  1  A/=  8 

Ar  £  1  A />  0 

Figure  II.2.13(i) 

Figure  11.2.1300 

Figure  11.2.13(1) 
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A 9 

A/i  =  20  Am  =  25 

Ar<  2  A f>  9 
Figure  II.2.13(m) 


mi?'  -ft 


A$ 

Art  =  8  Am  =  10 

Ar<  1  A />  1 
Figure  II.2.13(n) 


Again  the  tedious  and  simple  verifications  of  properties  (11.2.1)  and  (II.2.2)  are  omitted. 

For  i  =  9  or  10,  let  A,  be  Af  followed  by  applications  of  A  and/or  A’  until  neither  A  nor  A'  ap¬ 
plies.  We  state  the  following  lemma  without  proof.  The  only  assertion  in  the  lemma  that  needs  further 
verification  is  the  last  one. 

Lemma  II. 2. 23.  For  each  i  =  1,. ...  10,  if  G  is  abnormal  and  G  €  C,  then  A,(Gj  is  abnormal. 

A[i  G )  €  C,  and  n(A((G))  <  n(G).+ 

This  completes  the  proof  of  Theorem  II.2.1’  and  hence  Theorem  II.2.1  for  triangle-free  cacti. 

Now  suppose  that  G  is  a  cactus  with  a  triangle  T  =  (uiuzu^).  Let  G,  be  the  union  of  the 
Ui -components  that  do  not  contain  T  (See  Figure  II.2.14). 

Let  n.  =  niGt).  It  is  clear  that  n  =  n\  +  nz  +  rts.  For  ij  e  { 1.2.3}  and  i  *  j,  let  G,y  be  the  graph 
induced  by  ViGi)  u  V/Gj). 

Lemma  II.2.24.  If  i,j,  and  k  are  distinct,  then  /  <  /(G,yj  +  f(Gk)  +  1. 

Proof.  Let  R  [  and  Rz  be  optimal  representations  for  G.y  and  G*  and  let  /?'  =  /?,  u  /?,.  Let  9i 
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6 


s; 


i  z* 


V 

V 


I  - 

t. 


> 


and  02  be  the  u, -interval  and  uyinterval  of  /?i  whose  intersection  represents  utuj ,  and  let  0  =  0i  n 
02.  Since  u;uj  is  in  no  cycle  within  GtJ,  and  hence  no  triangle,  no  other  interval  of  R \  intersects  0. 
Place  a  small  u^-interval  within  0.* 


Let  ~  =  [G  :  n(G)  s  5(mod  13)}  =  [G  :f(G)  s  0 (mod  13)}.  If  G  e  F,  then  f(G)  >  0  im¬ 
plies  that  f(G )  >  1.  Since  G  e  Z  implies  that  f(G)(mod  13)  €  {-5,-4,-3,-2,-l },  F  n  Z  =  0. 

Now  suppose  that  G  is  a  cactus  with  at  least  one  triangle  T,GeZ,  and  that  Theorem  11.2.1’ 
holds  for  all  cacti  with  fewer  vertices  or  fewer  edges  than  G.  Choose  T  =  (u\U2ux,)  so  that  Gi  and  Gz 
are  triangle-free.  We  will  be  finished  proving  Theorem  11.2.1*  if  we  can  prove  that  f(G)  >  0. 

The  next  two  lemmas  do  not  use  the  fact  that  Gt  and  G2  are  triangle-free. 

Lemma  II. 2. 25.  Forte  (1.2.3),  n,  =  1  implies  that/ >  0. 

Proof.  Without  loss  of  generality,  let  t  =  l.  Suppose  that  n\  -  1.  Let  H  =  G  - 112113-  Since 
no  member  of  Z  has  a  cut-edge  that  is  incident  to  a  bivalent  vertex,  H  e  Z  and  since  H  is  smaller  than 
G.f(H)  >  0.  In  an  optimal  representation  /?'  of  H,  we  must  have  one  of  the  configurations  of  Figure 

11.2.15(a). 


ux 


“1 


“1 


'<1 


U-I 


UX 


Ficure  II.2. 15<aj 


Figure  11.2.15(b) 


We  can  adjust  the  representanons  as  shown  in  Figure  11.2.15(b)  to  obtain  a  representation  for  G 
with  the  same  size.  This  proves  that  hG>  <  1 1H1  and  therefore  that u C 1  >  0. a 
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Lemma  II. 2. 26.  For  i*j,ije  { 1,2,3},  f(Gij)  <  0  implies  that  f(G)  >  0. 

Proof.  Since  Gij  is  smaller  than  G,  the  hypothesis  /(G,y)  <  0  is  the  same  as  G,y  6  2.  Note 
that  UiUj  is  a  cut-edge  of  Gij  and  its  deletion  leaves  the  two  graphs  G,  and  Gj.  The  only  members  of  I 
that  have  cut-edges  are  shown  below. 


Figure  II.2.16 


For  either  of  these  graphs,  the  deletion  of  the  (only)  cut-edge  leaves  a  graph  with  two  components, 
at  least  one  of  which  has  only  one  vertex.  Hence  if  Gy  e  2,  then  either  n,  =  1  or  rij  =  1.  The  result 
now  follows  from  Lemma  II.2.25.* 

The  following  is  the  most  heavily  used  lemma  of  this  pan  of  the  proof. 

Lemma  II.2.27.  Suppose  that  i,j,  and  k  are  distinct. /(Gty)  >  0 ,/(G*)  ^  0,  and  ?  2  (G<y,G*} . 
Then  f(G)>  0. 

Proof.  By  definition, /(G)  =  18(n(-  +  ny  +  n^)  -  I3/(G)  -  12.  By  Lemma  II.2.1, -1 3/iG)  > 
-l3(I(Gij)  +  HGk)  +  1),  from  which  we  have  f(G)  >  [18^nf  +  nj)  -  13/VGjj)  -  121+  [18n*  - 
13/(GjU  -  12]  -  1  =  f(Gij)  -*-/(Gfc)  -  1.  By  the  hypotheses,  we  have/(G,y)  +  f(Gk)  2:  1.* 

We  now  show  that /(G)  >  0.  By  Lemma  II.2.26,  we  may  assume  that  for  all  ij  €  ( 1,2,3), 
i  -  j , /(G ij)  >  0.  We  will  consider  the  following  four  cases. 

i.  Gj,  G2,  G3  e  Z 

ii.  G  i  =  Z.  Gz,  G3  €  Z 

iii.  G  i,  Gz  6  Z,G 3  €  Z 

iv.  Gi.  Gz,  G3  e  Z 

The  arguments  of  the  first  three  cases  do  not  use  the  fact  that  Gi  and  Gz  are  triangle-free  and  so 
any  other  case  can  be  reduced  to  one  of  these  four  cases  by  permuting  G\,  Gz,  and  G 3. 

Case  i.  If.  for  some  k,  Gt  •£  F.  then  apply  Lemma  II. 2. 26.  Otherwise,  note  that  n(G\z>  = 

10 tmnd  13/  and  >0  G<;  €  F.  We  can  now  apply  Lemma  II. 2. 27  with  k  -  3. 

Case  :i.  If  G;  €  7  then  apply  Lemma  II. 2. 26  with  k  -  2.  Hence  we  may  assume  that  Gz  €  F. 


Since  G\  s  3  implies  that  n\  t  5tmod  13).  and  ni  s  5 (mod  13),  we  have  (n\  +  ni)  $  5  (mod  13) 
and  G\2  *  3.  Since  G?  €  3.  we  can  again  apply  Lemma  II. 2. 27  with  k  =  3. 

Case  iii.  The  number  of  vertices  in  members  of  3  are  2,  4,  7,  10,  and  12.  Adding  any  one  of  these 
numbers  to  itself  or  any  other  member  of  the  set  does  not  give  something  that  is  5 (mod  13),  hence 
G12  «  3.  Now  apply  Lemma  II. 2. 27  with  k=  3. 

Case  iv.  It  is  only  for  this  case  that  we  chose  T  such  that  G]  and  G2  are  triangle-free.  Let  G*  be  the 
graph  induced  by  V(Gi)  u  V(Gz)  u  U3}.  If  the  theorem  is  false,  then  G*  *  Tj.  Let  A f  ~f(G)  - 
f(G 3).  Note  that  &f>  Wn(G *)  -  1)  -  13/(G*).  Moreover,  it  is  easy  to  use  the  triangle  and  the  na¬ 
ture  of  the  triangle-free  members  of  3  to  show  that  I(G*)  =  m(G*).  For  example,  the  candidate  for 
G*  shown  in  Figure  11.2.17(a)  has  the  representation  of  Figure  11.2.17(b). 


Figure  II. 2.17(a)  Figure  11.2.17(b) 

Now  for  j  =  1,2.  G,  is  a  mangle-free  member  of  3.  Therefore,  each  G}  is  either  Kz  or  a  set  of 
edge-disjoint  Ca's. 

Because  G3  e  3.  we  know  that/(G3)  k  -5.  If  G\  =  K 2  then,  unless  G2  =  Ca.  A f>  5  and 
fiG>  >  0.  If  Gi  =  Ki  and  Gz  =  G4,  then  A/=  4  and.  to  avoid /(G)  >  0,  Gz  must  be  C4.  But  then 
G  s  3  is  a  type  1  operation  applied  to  Kz  and  so  is  in  3. 

Hence,  each  of  ( G 1  ,G2 }  is  a  set  of  Ca's.  If  there  are  four  or  more  Ca's  between  G\  and  Gz,  then 
A;  >  5  and  fi'Gt  >  0.  If  the  theorem  is  false,  then  it  is  not  true  that  each  of  { G 1  .G^ }  consists  of  one 
Ca.  Hence  we  may  assume  that  there  are  exactly  three  Ca’s  between  (Gi,G2]and  we  may  assume  that 
G"  is  one  of  the  three  graphs  in  Figure  II. 2. 18.  We  then  have  A/=  3.  Hence  f(G  1)  S  -4  and  G 3  is 
one  of  the  graphs  of  Figure  II. 2. 19. 

3y  inspection,  we  now  can  select  any  of  he  three  graphs  of  Figure  II. 2. 18  to  be  G 52.  either  of  the 
graphs  of  Figure  II. 2. 19  to  be  G},  and  any  vertex  of  G3  to  be  ;n,  and  the  resulting  G  will  be  a  type  ! 


This  completes  the  proof  of  Theorem  11.2.  T  and  hence  of  Theorem  13.2. 1.  We  now  sketch  the 


lln(G)  -  4 


proof  of  the  analogous  result  concerning  dense  cacti. 

Theorem  II. 2.28.  If  G  is  a  dense  cactus  that  is  not  in  Z,  then  KG)  <■ 

Furthermore,  for  any  n.  there  exists  a  cactus  Gn  with  n  vertices  for  which  I(Gn )  -  L — g - J,  and 

so  the  result  is  best  possible. 

Proof.  Note  that  type  1  operations  applied  to  Ca  show  that  it  is  best  possible.  Furthermore, 
this  time  the  triangle-free  case  is  simple:  a  slight  modification  of  the  proof  of  Lemma  II.2.13  yields  the 
bound  for  triangle-free  dense  cacti  since  such  graphs  are  Eulerian. 

The  proof  of  the  general  case  is  by  induction  on  the  number  of  triangles.  Select  a  triangle  T  such 
that  G  i  and  Gz  are  triangle-free.  Eliminate  the  possibility  of  (sav)  G\  being  trivial  by  comparing  it  to 
the  graph  with  one  of  the  edges  to  Gj  subdivided:  even  if  depth-3  intervals  are  allowed,  the  bivalent 
vertices  of  the  4-cycie  will  force  a  trail  through  it  and  the  adjustments  of  the  representation  is  straight¬ 
forward. 


V-.-  AwN* 
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Since  G i  and  Gz  are  triangle-free,  we  may  argue  as  in  Lemma  0.2.13  to  show  that  both  are  a  col¬ 
lection  of  4-cvcles.  Since  there  are  two  or  more  4-cvcles  between  G  \  and  Gz,  it  is  easy  to  represent 
Gi  uC]ur  with  sufficiently  few  intervals  so  that,  together  with  an  optimal  representation  of  G  - 
V<G\)  -  V(Gz),  we  have  a  representation  for  G  with  the  correct  number  of  intervals.* 

3.  Husimi  Trees 

The  goal  of  §0.3  is  to  prove  Theorem  0.3.1. 

Theorem  II.3.1.  If  G  is  a  Husimi  tree  with  n>  4,  then  /  ^  L  Furthermore,  for  any 

n  >  4.  there  exists  a  Husimi  tree  G  for  which  1(G)  =  Lr—y-^J  and  so  the  result  is  best  possible. 

The  sun  with  n  vertices  is  a  graph  that  consists  of  a  clique  {uj . u^},  an  independent  set 

{v'i,...,vn/2},  and  the  additional  edges  {u,v,- :  i  =  1 . nil).  We  denote  this  Sn  .  We  now  show 

3  ft  •  4 

that  if  n  >  4,  then  l(Sn)  > — ^ — ,  thereby  showing  that  Theorem  II. 3.1  is  best  possible.  The  basis 
case,  S4,  is  trivial. 

3ft  .  4 

Now  suppose  that,  for  all  even  n'  <  n ,  I(Sn')  > — ^ - .  Assume  that  l(Sn)  < — 3 —  and  that 

R  is  an  optimal  representation  of  5„.  Let  V"  =  V  -  Ui,vi)  and  V"  =  {mj.vi}.  Partition  R(V)  into 
R'  o  R ",  where  R'  is  the  set  of  intervals  corresponding  to  members  of  V'  and  R"  is  the  set  of 
intervals  corresponding  to  members  of  V".  Note  that  the  graph  induced  by  V'  is  a  sun  with  n  -  2 

2fn  ->j  4 

vertices  and,  by  induction,  IR'l  > - = - .  Therefore  IR"I  <  2  and  so  u\  and  vj  have  just  one 

interval  each.  By  symmetry-,  we  can  argue  that  for  any  i  -  1 . nJ2,  ut  and  vt-  have  just  one  interval 

each.  But  this  contradicts  the  fact  that  the  graph  induced  by  {«i,/n»W3,vi,V2,V3}  is  not  an  interval 
graph  (see  Figure  1.1.1). 

To  show  that  the  bound  of  Theorem  II.3. 1  is  best  possible  for  n-2k-r  1,  subdivide  a  leaf-edge 
of  Szk- 

We  now  focus  on  the  upper  bound.  We  first  show  that  the  bound  holds  for  suns  by  giving  an  in- 

"n  -  4 

terval  representation  ot  Sn  with-1-^ —  intervals.  Stan  with  the  k  +■  2  intervals  listed  below. 

u\  -  interval  1 0.6 1.  a  uy  -  interval  (3.9) 
v;  -  interval  <  1.2).  a  vy  -  interval  <7.i> 

For  1  =  3 . k .  a  u(  -  inten/al  i4,5; 

This  introduces  each  edge  in  the  clique  and  the  edges  incident  to  tq  and  uz~  We  then  use  2 (k  -  2/  in- 


1 

i 


4 
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tervals  to  represent  the  remaining  k  -  2  edges.  An  example  with  n  =  8  is  given  below. 


u\  u~> 


V1  u2 


it  3  «4 


v?  in, 


Figure  II.3.1 


We  call  this  the  standard  representation  of  the  sun. 

We  now  prove  the  bound  by  induction  on  n(G).  The  basis,  n(G)  =  4,  is  trivial.  Suppose  that  G 

is  a  Husimi  tree  with  n  vertices  and,  if  4  <  ri  <  n  and  G'  is  a  Husimi  tree  with  n  vertices,  then 
3  n  ’  •  4- 

KG')  <  - 3 - .  If  G  is  a  block,  then  it  is  a  clique  and  1(G)  =  n.  Hence  we  may  assume  that  there 

exists  a  cut-vertex  u. 

If  u  is  such  that  there  are  three  or  more  u-components,  then  either  G  =  ^1,3  or  it  is  possible  to 
group  the  vertices  of  G  into  V  and  V"  such  that  V’  r\  V"  =  {« J,  V'  u  V"  =  V,  iV"l  >  IV"'I  >  3,  and 
there  are  no  edges  with  one  endpoint  in  V"  and  the  other  in  V”.  Using  the  fact  that  any  3-vertex  graph 
has  a  total  interval  number  of  at  most  three  and  the  induction  hypothesis,  we  can  use  the  union  of  op¬ 
timal  representations  for  the  graphs  induced  by  V"  and  V"  to  get  a  representation  of  G  that  has  at  most 
'n  -  4 

- — =; —  intervals.  Hence  we  may  assume  that  there  are  exactly  two  u-componenrs.  If  both 
:<-components  have  at  least  four  vertices,  or  if  one  has  three  and  the  other  has  at  least  four,  then  we  can 
again  represent  them  independently  within  the  required  number  of  intervals.  If  both  have  three,  then 
we  can  simply  use  inspection. 

Hence  we  may  assume  that,  for  every  cut-vertex  u,  there  are  exactly  two  u-components.  one  of 
w  hich  has  only  two  vertices.  Let  u  be  a  cut-vertex  and  let  the  two  u~ components  be  A  and  uv.  The 
vertex  u  is  in  only  one  block  of  A\  call  it  B  and  recall  that  B  must  be  a  clique.  If  B  contains  a  cut-ver¬ 
tex  u'  of  G.  then  the  u  '-components  must  be  uv'  and  A  -  v'  kj  uv.  This  is  illustrated  in  Figure 
II.?. 2,  where  B  =  K*. 


Ft  cure  II.3.2 
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By  symmetry,  we  almost  have  a  sun;  some  of  the  independent  vertices  might  be  missing.  Select  u\ 
and  uj  so  that  they  do  have  neighboring  independent  vertices,  and  follow  the  standard  representation 
of  the  sun,  omitting  the  pairs  that  correspond  to  edges  that  are  in  the  sun  but  not  in  G;  if  there  are  k 
members  of  the  clique  and  q  members  of  the  independent  set,  where  2  <  q  <>  k,  then  this  representa¬ 
tion  has  k  +  2  +  2(q  -  2)  4  intervals. * 

4 .  Outerplanar  Graphs 

We  now  resume  our  ascending  chain  of  classes.  The  goal  of  §11.4  is  to  prove  Theorem  II.4. 1. 


Theorem  IL4.1.  If  G  is  an  outerplanar  graph  with  at  least  three  vertices,  then  1(G)  < 


L  n  — -  J.  Furthermore,  for  any  n,  there  exists  an  outerplanar  graph  for  which  /  =  L  J 

and  so  the  result  is  best  possible. 

We  assume  a  plane  embedding  for  which  the  face  with  n  vertices  is  unbounded.  The  bound  is 
achieved  by  any  2-connected  outerplanar  graph  for  which  the  unbounded  face  is  a  cycle  and  either  ev¬ 
ery  bounded  face  is  a  4-gon  or  all  but  one  bounded  face  is  a  4-gon  and  the  remaining  bounded  face  is  a 
5-gon  [21.  For  these  graphs,  t  =  1  and  m  =  l — ^ -  J  -  1.  Since  they  are  triangle-free,  /  =  h  = 


1  -  (l 


3  n  -  2 


J  -  1)  and  we  have  proved  that  Theorem  11,4.1  is  best  possible. 


We  now  concentrate  on  2-connected  outerplanar  graphs.  If  such  a  graph  has  no  3-gons,  then  it  is 
intuitive  that  it  has  no  more  edges  than  the  graphs  of  the  previous  paragraph.  It  is  easy  to  use  Euler's 


formula  to  establish  this.  We  state  this  as  a  lemma  and  omit  the  proof. 


3/i  -  ^ 

Lemma  II.4.2.  If  G  is  a  2-connected  tnangle-free  outerplanar  graph,  then  1  +  m  <L  -  J.4 

Now  we  establish  Theorem  EI.4.1  for  2-connected  outerplanar  graphs.  We  follow  Andreae  and 
Aigner's  proof.  The  technique  is  to  find  a  triangle-free  subgraph  G'  and  construct  a  representation  for 
G  that  has  \  m(G’)  intervals. 

Lemma  II.4.3.[2]  If  G  is  a  2-connected  outerplanar  graph,  then  we  can  color  the  edges  red  and 

blue  in  such  a  wav  that  the  following  holds: 

i  i )  The  outside  edges  are  red. 
i  ii;  Every  mangle  has  at  least  one  blue  edge. 

( iii)  For  every  blue  edge  e.  there  exists  a  triangle  De  that  consists  of  e  and  two  red  edges. 

Furthermore,  these  De' s  are  pairwise  edge  -  disjoint. 


m 
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Proof.  We  give  a  slightly  different  proof  than  Andreae  and  Aigner.  A  peripheral  face  is  a 
face  with  exactly  one  chord.  If  e  is  an  edge  that  is  in  two  faces,  one  of  which  is  F,  then  let  Ofef)  be 
the  other  face. 

Color  the  outside  edges  red.  If  no  peripheral  face  is  a  triangle,  then  color  the  chord  e  of  some  pe¬ 
ripheral  face  F  red,  discard  E(F)  -  e,  and  proceed  by  induction. 

If  a  peripheral  face  F  is  a  triangle,  then  color  its  chord  e  blue  and  consider  F’  =  0(e,F).  If  an  edge 
of  F'  is  a  chord  of  a  peripheral  triangle,  then  color  it  blue.  If  not,  then  color  it  red.  Again  proceed  by 
induction,  this  time  applying  induction  once  for  each  red  chord.  * 

We  give  an  example  of  this  coloring  in  Figure  II.4.1.  We  shade  the  De's  and  use  dark  thick  lines 
to  indicate  blue  edges  and  thick  gray  lines  to  indicate  red  edges.  A  thin  edge  is  one  that  is  not  vet  col- 


Figure  11.4.1(a) 


Figure  11.4.1(b) 


Figure  11.4.1(c) 


Figure  11.4.1(d) 


Figure  11.4.1(e) 


Figure  11.4.1(f) 


In  Figure  11.4.1(a).  we  have  the  original  graph  and.  because  of  Lemma  II.4.3(i).  we  color  the  out 
side  edges  '‘red”.  In  Figure  11.4.1(b),  the  ‘blue”  edge  is  forced  and  we  can  color  another  edge  “red.’ 
In  Figure  11.4.1(c),  we  first  color  the  “red"  chord  and  then  the  blue  chord. 

This  brings  us  to  Figure  11.4.1(d).  We  have  one  more  blue  edge,  shown  in  Figure  11.4.1(e).  and 
•■ve  show-  the  entire  coiorina  in  riaure  11.4.1(f).  labellina  the  vertices  for  future  use. 
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Theorem  II. 4. 4.  If  G  is  a  2 -connected  outerplanar  graph,  then  KG)  <  L— y  —  J. 

Proof.  Color  the  edges  as  in  Lemma  II.4.3.  Let  5  be  the  set  of  red  edges.  We  construct  an  rep- 
resentadon  with  at  most  1  +  151  intervals.  Since  5  is  triangle-free  this  will  be  at  most  -r-  J 
intervals. 

Let  the  vertex  1  be  some  vertex  with  degree  at  least  3  and  number  the  vertices  l,...,n  by  following 
the  outside  face.  Stan  the  representation  by  using  the  canonical  representation  of  the  path  1,...,  n  and 
insen  a  small  I-interval  into  the  displayed  pan  of  the  n-interval.  This  uses  n  +  1  intervals  and  repre¬ 
sents  the  n  edges  on  the  outside  face.  We  call  these  the  outside  intervals. 

Each  edge  (including  the  red  chords)  is  pan  of  at  most  one  De.  We  will  represent  each  chord  by 
first  representing  the  edges  in  each  De  and  then  representing  the  chords  that  are  not  in  any  De.  Note 
that  no  chord  is  considered  twice  (by  Lemma  II.4.3(iii)  of  the  coloring). 

For  i  =  1.  2,  or  3,  call  a  De  type  /  if  it  has  exactly  /  edges  that  are  chords  of  G.  Note  that  type  i 

s  have  exactly  i  -  1  red  chords  (by  Lemma  II.4.3(i),(iii)).  We  now  show  how  to  add  /  -  1  inter¬ 
vals  for  each  type  /  De. 

For  a  type  i  De,  extend  the  outside  intervals  corresponding  to  the  high-degree  vertices  until  they 
intersect. 

For  a  type  ii  De ,  let  ij  be  the  outside  edge  and  k  be  the  intersection  of  the  two  chords.  Take  a  k  - 
interval  and  place  it  within  the  intersection  of  the  outside  /-interval  and  ./-interval. 

For  a  type  iii  De  ijk ,  take  an  /-interval  and  a y- interval  and  place  them  in  the  displayed  pan  of  the 
outside  jfc-interval. 

Now  represent  each  edge  ij  that  was  in  no  De  by  placing  an  /-interval  inside  of  the  outside  j  -  inter¬ 
val.  We  have  used  at  most  151  +  1  (the  “  +  1”  coming  from  the  n  +  1  outside  intervals  representing 
the  n  outside  edges!  intervals.  A 

We  give  an  example  of  the  above  construction  by  using  the  coloring  of  the  edges  that  is  in  Figure 
11.4.1(f).  The  representation  is  given  in  Figure  II. 4.2. 


Figure  II. 4. 2 

The  displayed  total  interval  number  <we  demand  that  every  vertex  has  a  displayed  pan)  can  be 
higher:  For  example,  the  total  interval  number  of  a  4-cvcie  with  a  chord  is  five,  but  this  graph  has  no 
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displayed  representation  with  five  intervals. 

We  now  present  the  proof  for  general  outerplanar  graphs.  It  uses  the  construction  of  the  proof  of 
Theorem  II.4.4.  Suppose  that  G  is  an  outerplanar  graph.  Add  edges  to  the  given  outerplanar  graph 
until  it  is  2-connected  and  then  use  the  representation  of  Theorem  II.4.4.  We  will  be  done  if  we  can 
show  that  we  can  remove  an  arbitrary  set  of  intersections  from  the  representation  without  increasing 
the  number  of  intervals. 

Consider  an  outside  overlap,  say  between  k  and  k  +  1  with  an  interval,  say  an  /-interval  placed  in¬ 
side  of  it.  This  was  placed  there  because  (k,k  +  1,/j  is  a  type  2  De.  Note  that  there  cannot  also  be 
some  y-interval  inside  of  the  overlap  since  the  De's  are  edge-disjoint. 

To  remove  the  edge  {k,k  +  1 },  shorten  k  and  k+  1,  making  sure  that  /  still  overlaps  the  ^-interval 
and  the  (k  +  1  j-interval.  To  remove  the  edge  {ijc},  simply  move  i  over  to  the  displayed  part  of  the 
(k  +  /j-interval  and  one  can  similarly  remove  the  edge  [i,k  +  1 }.  To  remove  (k,k  +  1 }  and  {/,&}, 
shorten  the  ^-interval  until  it  no  longer  overlaps  the  (k  +  1  j-interval  and  make  sure  that  /  now  overlaps 
just  the  (k  +  1  j-interval.  To  remove  {i,k)  and  {/,£  +  1 },  simply  remove  the  /-interval.  To  remove 
all  three  edges,  remove  the  /-interval  and  shorten  the  ^-interval  until  it  no  longer  overlaps  the 
(k  +  l  j-interval. 

Now  consider  an  overlap  between  a  £-imerval  and  a  (k  +  2j-interval  with  a  Ik  +  1  j-interval  in  the 
overlap.  The  same  argument  shows  that  any  set  of  adjacencies  can  be  removed.  Again  we  must  use 
the  disjointness  of  the  De’s  to  ensure  that  there  are  not  two  intervals  inside  of  the  overlap. 

Now  consider  a  displayed  pan  of  an  outside  interval,  say  a  ^-interval.  A  y-interval  placed  on  the 
displayed  pan  of  the  outside  ^-interval  is  easy  to  deal  with;  remove  it.  If  there  are  two  intervals,  say  an 
/-interval  and  a  y-interval  on  top  of  each  other  and  the  ^-interval,  then  it's  harder.  Note  that  these  were 
placed  there  because  of  a  type  3  De  and  so  we  can  place  any  2  of  [ij.k}  on  the  third.  To  remove  ex¬ 
actly  1  edge,  say  (ij).  place  k  on  the  displayed  pans  of  i  and  y.  To  remove  two  edges,  so  that,  say 
only  ti.j)  remains,  place  an  /-interval  on  y’s  outside  interval.  To  remove  all  3  intervals,  simply  remove 
both  l  and  j.  These  latter  two  cases  actually  save  at  least  one  interval. 

The  final  case  is  if  an  outside  overlap  has  no  interval  inside  of  it  and  we  must  remove  that  edge. 
Simply  bhonen  one  of  the  intervals  until  there  is  no  overlap,  a 
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5 .  Planar  Graphs 

The  goal  of  §11.5  is  to  prove  the  following  theorem. 

Theorem  II. 5.1.  If  G  is  a  planar  graph  and  n(G)  >  3,  then  1(G)  <  2rt(G)  -  3.  Furthermore,  for 
any  n ,  there  exists  a  planar  graph  G  with  n  vertices  for  which  KG)  =  2n  -  3  and  so  the  result  is  best 
possible. 

This  is  the  main  result  of  the  thesis.  Andreae  and  Aigner  [2]  showed  that  theorem  n.5.1  holds  for 
triangle-free  graphs  and  that  it  is  best  possible.  We  enlarge  upon  their  proof  that  it  is  best  possible. 

Given  n ,  let  G  be  a  plane  graph  with  n  vertices,  such  that  all  faces  of  G  are  of  degree  four;  we  must 
show  that  1(G)  >  2n  -  3.  From  2 m(G)  =  4 <f>(G)  and  Euler’s  formula,  we  obtain  m(G)  =  2n.  -  4.  If 
G  has  no  triangle,  then  h(G)  =  KG)  and,  since  t(G)  >  1,  it  follows  that  1(G)  >  In  -  3.  Hence  it  is 
sufficient  to  show  that  G  has  no  triangle. 

Suppose  that  G  has  a  triangle  C  and  let  H  be  the  graph  induced  by  the  vertices  of  C,  together  with 
the  vertices  that  are  inside  of  C.  By  the  definition  of  G,  all  bounded  faces  of  H  are  of  degree  four  and 
therefore,  all  but  one  face  of  H  is  of  degree  four.  We  then  have  2 m(H)  =  ty$(H)  -11  +  3  and  this  is 
impossible  since  the  left  side  is  even  and  the  right  side  is  odd.  Hence  Theorem  H.5. 1  is  best  possible. 

Since  blocks  are  graphs,  we  can  apply  terms  that  refer  to  graphs  equally  well  to  blocks.  For  ex¬ 
ample,  a  planar  block  is  a  planar  graph  with  no  cut-vertex  and  a  plane  block  is  a  planar  block,  together 
with  some  planar  embedding.  We  prove  Theorem  II.5. 1  by  induction  on  the  number  of  vertices;  the 
basis  step,  n  =  3,  is  trivial.  We  now  present  the  induction  step  if  G  has  a  cut-vertex  u.  If  even' 
u-component  has  two  vertices,  then  G  is  a  star  and  KG)  =  n(G).  Otherwise,  let  A  be  a  u-component 
with  at  least  three  vertices;  by  induction.  1(A)  <  2n(A)  -  3.  Let  B  be  the  graph  induced  by  the 
non-isolated  vertices  of  G  -  E(A>.  Note  that  n(G)  =  n(A)  +  n(B)  -  1  and  KG)  <  KA)  -  KB).  If 
n( B)  -  2.  then  KB)  =  2  and  KG)  <  2 n(A )  -  3  +  2  =  2 n(G)  -  3.  If  n(B)  >  3  then,  by  induction. 
li B i  <  Ini B )  -  3  and  so  KG)  <  2 ruA)  -  3  +  2 n(B)  -  3  =  2 nlG)  -  4.  We  must  still  deal  with  the  in¬ 
duction  step  if  G  is  a  biock.  Hence,  it  suffices  to  snow: 

Lemma  II. 5. 2.  If  G  is  a  planar  block  and  ntGi  >  3.  then  KG)  <  2 n(G)  -  3. 

We  first  reduce  the  problem  of  proving  Lemma  11.5.2  to  that  of  proving  Theorem  17.5.5  and  then 
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spend  all  but  the  last  paragraph  of  §11.5  proving  Theorem  II.5.5. 

For  a  plane  graph  G,  let  fi(G)  be  the  number  of  i-gons,  and  jf(G;  be  the  number  of  bounded 
i-gons.  Let  XiG)  be  the  degree  of  the  unbounded  face  and  3(G)  be  the  set  of  bounded  faces.  Note 
that  if  t  *  X(G),  thenjffG)  -fi(G),  and  that/x/G)  = f\(c >  -  1. 

If  e  is  incident  to  two  bounded  faces  F  and  F\  then  F\  the  face  “opposite”  e  from  F,  is  de¬ 
noted  Oief).  If  e  is  incident  to  the  unbounded  face  and  some  bounded  face  F,  then  0(e)  =  F. 

A  plane  graph  G  is  a  proper  supergraph  of  a  plane  graph  G’  if  G  is  obtained  from  the  embed¬ 
ding  of  G'  by  adding  a  non-empty  set  of  chords  of  bounded  faces  without  introducing  any  3-gon.  For 
example,  the  graph  in  Figure  11.5.1(b)  is  a  proper  supergraph  of  the  graph  in  Figure  II.5.  1(a). 


Figure  11.5.1(a)  Figure  11.5.1(b) 


Note  that  adding  a  chord  to  a  4-gon  or  5-gon  will  introduce  a  3-gon  and  therefore  will  not  produce  a 
proper  supergraph.  It  is  clear  that  a  plane  graph  has  no  proper  supergraph  if  and  only  each  of  its 
bounded  faces  is  of  degree  at  most  five. 

A  proper  representation  R  is  a  representation  that  has  the  following  properties. 

1 .  R  is  irredundant. 

ii.  k  >  4  =*  rk(R)~  0 

iii.  Each  deptn-3  interval  introduces  two  edges  that  are  incident  to  the  same  3-gon. 

If  R  is  a  proper  representation  of  G,  then,  by  properties  i.  and  ii.  above.  m(G)  -  r^(R)  +  IryR). 
Let  l'(G)  be  the  size  of  the  smallest  proper  representation  of  G. 

Lemma  II.5.3.  If  G  is  a  proper  supergraph  of  G\  then  l'(G')  <  l'(G). 

Proof.  Let  p(G.G')  =  1£7G)  -  E(G') I;  we  show  by  induction  on  p  that  E(G)  -  E(G')  can  be 
deleted  from  G  without  increasing  l'.  The  basis  step,  p-  0,  is  trivial.  Now  suppose  that  G  and  G’ 
are  given  and  that  the  lemma  holds  for  all  pairs  H  and  H'  for  which  \E(H)  -  E(H') I  <  p(G,G’)  and 
suppose  that  uv  <=  E(G)  -  E(G').  Let  G"  =  G’  u  uv.  By  induction.  I'(G")  <  I'(G). 

Let  R  be  an  optimal  proper  representanon  of  G".  Without  loss  of  generality,  we  may  assume  that 
some  v-intervai  9V  introduces  uv  by  intersecting  an  earlier  u-interval  9U. 

If  the  only  interval  that  0V  intersects  is  Qu,  then  remove  9V. 


Now  assume  that  there  exists  vv  e  V( G)  -  (u)  and  that  some  w-interval  9W  intersects  0V.  If  0W 
also  intersects  0U,  then  either  9V  or  9*,  is  a  depth-3  interval.  By  property  iii.  of  proper  representations, 
the  two  edges  introduced  by  the  depth-3  interval  must  be  incident  to  a  3-gon.  Note  that  uv  is  not  inci¬ 
dent  to  any  3-gon.  If  9V  is  a  depth-3  interval,  then  vw  and  vu  are  two  edges  of  the  3-gon  (uvw)  and 
similarly,  if  Bw  is  a  depth-3  interval,  then  wu  and  wv  are  two  edges  of  the  3-gon  (uvw).  But  this  con¬ 
tradict  the  fact  that  uv  is  in  no  3-gon.  Hence  if  9V  intersects  some  9*,,  then  9U  n  0W  =  0.  To  avoid 
the  introduction  of  the  edge  uv  in  R ,  move  the  left  endpoint  of  9V  undl  it  is  to  the  right  of  the  right 
endpoint  of  0U. 

In  either  case,  the  resulting  representation  of  G‘  has  no  more  than  \R\  intervals  and  so  KG')  < 
I(G")  <  1(G).* 

In  §11.5,  we  will  deal  exclusively  with  proper  representations;  we  will  prove  that  I'(G)  <2 n(G)  - 
3.  Hence  from  Lemma  II.5.3,  we  may  assume  that: 

<>  6  =>  fi  =  0  (II. 5.1) 

We  define  the  perimeter  of  a  plane  graph  G  to  be  the  vertex-set  of  the  unbounded  face  and  denote 
it  P(G).  A  contiguous  subset  of  the  perimeter  is  the  set  of  vertices  of  some  path,  all  of  whose  edges 
are  incident  to  the  unbounded  face.  A  section  of  a  graph  is  an  induced  subgraph  with  no  cut-vertex. 
For  example,  a  block  is  a  maximal  section.  In  the  figures  of  §11.5,  each  straight  line  segment 
indicates  a  single  edge,  each  arc  indicates  a  contiguous  subset  of  the  perimeter,  each  white  area  in¬ 
dicates  a  single  face,  and  each  shaded  area  indicates  a  section.  Each  figure  represents  the  class  of 
graphs  determined  by  the  lines,  curves,  white  areas,  and  shaded  areas. 

We  now  sketch  a  proof  that  Theorem  II. 5. 1  holds  for  graphs  without  3-gons.  This  case  motivates 
many  of  the  ideas  of  the  proof  of  the  general  case. 

Let  G  be  a  plane  block  satisfies  (II.5.1).  Using  Euler's  formula  and  2 m(G)  =  X(G)  +  fl(G )  - 
5/KG),  we  obtain  2 n(G)  *  3  >  m(G)  *■  1.  Since  KG)  <  m(G)  uG ).  it  is  sufficient  to  prove  that 
here  is  a  covering  trail  T  of  G.  We  do  this  by  induction  on  the  number  of  faces. 

We  strengthen  he  induction  hypothesis  and  prove  that  T  can  start  at  any  vertex  u  on  the  unbounded 
face  and  end  at  any  vertex  v  on  the  unbounded  face.  Let  e  =  uu  be  an  edge  on  the  unbounded  face 


and  let  F  =  0(e).  If  the  only  vertices  of  F  that  are  on  the  unbounded  face  are  u  and  u,  then  we  can 
remove  e  and  apply  induction.  Otherwise,  there  are  several  cases.  The  most  difficult  case  is  shown  in 
Figure  II. 5. 2. 


Suppose  that  v  e  P(A\).  Let  T  begin  with  <u,u>.  Since  the  induction  hypothesis  applies  to  each 
Ai,  we  can  extend  T  to  cover  A 4  and  end  at  W3.  We  then  similarly  extend  T  through  At,,  At,  and  A\, 
covering  these  sections,  and  ending  at  v. 

Similar  methods  work  unless  v  s  P(A^).  In  this  case,  we  consider  F'  =  0(wtw$,F)  (see  Figure 
II.5.3).  We  will  consider  only  the  case  that  F'  is  a  5-gon  and  all  of  its  vertices  are  in  P(G). 


We  must  treat  the  possibilities  of  v  lying  in  each  of  the  gray  sections  of  A3  as  separate  cases.  We 
show  each  case  and  the  corresponding  trails  in  Figure  II.5.4. 

For  graphs  with  3-gons,  it  is  possible  that  h  >  2n  -  3  (e.g.,  a  4-gon  with  a  chord).  Therefore  we 
cannot  restrict  ourselves  to  depth-2  representations  and  we  must  use  depth-3  intervals.  We  will  still 
use  the  idea  of  starting  and  ending  on  the  unbounded  face  and.  as  in  Figure  II.5.4.  w-e  will  find 
"routes"  from  u  to  v  through  some  sections. 


Let  G  be  a  plane  graph.  From  ZmtGi  =  k(G)  +  3/ji'G)  +  4 fliG)  -  5fi<G)  and  n<G)  -  m<G) 


1  -  fjtG  >  -  fit  G  >  -  /;7G)  =  2.  we  obtain: 


2 n(G)  -3=1  +  m(G)  - 


fi(G)  fi(G)  k(G)-3 


(II. 5. 2; 


Our  goal  is  to  find  a  representation  R  with  2 n<G)  -  3  >  !l?l.  By  (II. 5. 3),  this  is  equivalent  to 
finding  a  representation  R  for  which: 


2  +  2 m( G)  -  f\{ G )  +  f$( G)  +  (X(G)  -  3)  -  21/?  1  >  0 


(II. 5. 3) 


We  will  usually  not  be  interested  in  the  contribution  of  the  unbounded  face  to  the  left  side  of 
(II. 5. 4);  we  define  the  profit  p(R)  and  obtain  the  following: 


p(R)  =  2  +  2 m(G)  -fj<G)+fs(G)  -  21/?! 

2((2n(G)  -  31  -  \R\)  =  p(R)  +  (X(G)  -  4) 

If  R  is  a  proper  representation,  then 

p(R)  =  2  -  2 ri(R)  +  2 r3(R)  -fj(G)  +fs(G) 

We  call  R  profitable  if  p(R)  >  0. 


(II. 5. 4a) 
(11.5.4b) 

(II.5.4c) 


Figure  II. 5. 4 


If  G  is  a  plane  graph  and  R  is  a  representation  of  G,  then  from  (II. 5. 5a)  and  2 m<G)  =  3 JxiGi  + 

4 fliG  >  -  5/i.iG)  -r  )jG>.  we  see  that  the  panty  of  each  of  the  following  quantities  is  the  same: 

i .  The  number  of  odd  bounded  faces 

:i  The  profit  of  R 

m.  The  degree  of  the  outside  face 

We  define  the  parity  eiG)  of  a  plane  graph  G  as  follows;  If  the  quantities  above  are  even,  then 
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&G)  =  0  (and  G  is  even),  otherwise  efG)  =  1  (and  G  is  odd).  Consider  the  following  examples: 


U  li  u  u ' 

Figure  11.5.5(a):  Gj  Figure  11.5.5(b):  G2 

We  have  e(Gi  -  uu‘)  =  z(G\)  and  z(Gz  -  uu')  -  1  -  z(Gz)-  No te  that  if  G 1  is  even,  then  an  even 
number  of  blocks  of  G\  -  uu  are  odd,  and  if  G2  is  even,  then  exactly  one  block  of  G2  -  uu'  is  odd. 

Lemma  II.5.4.  If/?  is  a  profitable  representation  of  G  and  a(G)  >  3,  then  I/?  I  ^  2  n(G)  -  3. 

Proof.  From  (II. 5.5b),  the  result  is  immediate  if  A .(G)  >  4.  If  \(G)  =  3,  then  since  Z(G )  =  1 
and  p(R)  >  0,  we  have  p(R)  >  1  and  the  result  again  follows,  a 


By  Lemma  n.5.4,  in  order  to  prove  Lemma  II. 5.2  (and  hence  Theorem  II.5.1).  it  suffices  to  show 
that  there  exists  a  profitable  representation  for  any  planar  block  that  satisfies  (II. 5.1). 

We  must  prove  some  technical  results  beyond  this  and  we  need  several  definitions  to  state  them. 
Let  R  be  a  representation  of  a  graph  G.  If  0  =  [a.p]  is  an  interval,  then  -9  =  [-p.-a],  Let  the  re¬ 
verse  of  R  be  { -9  :  0  €  R(V) )  and  denote  it  R.  If  there  exists  a  depth-1  u-interval  in  R  (in  R),  then 
we  say  that  R  starts  (ends)  at  u.  Note  that  R  can  start  and  end  at  several  vertices.  If  R  (R)  starts  at  u 
and  the  corresponding  depth- 1  u-interval  in  R  (R)  is  immediately  followed  in  R  (R)  by  a  depth-2 
a -interval,  then  R  starts  (ends)  at  the  edge  uu'. 

Suppose  that  u  and  v  are  vertices  and  that  e  and  e'  are  edges.  A  representation  that  starts  at  u  and 
ends  at  v  is  a  u.v-representation  and,  if  profitable,  is  denoted  by  u,G  — ►  v.  A  representation  that 
stans  at  u  and  ends  at  the  edge  e  is  a  u.e-representation  and,  if  profitable,  is  denoted  by  u,G  — ►  e. 
We  use  analogous  definitions  and  notation  for  other  combinations  of  u ,  v.  e.  and  e  . 

Suppose  that  G  is  a  plane  block  and  that  e  s  E(G).  Let  R  be  a  proper  representation  of  G  -  e. 

The  t?-profit  of  R.p'(e.R),  is  defined  by: 

p'(e.R)  =  2 n(R)  -  Zr\(R)  +  f$(G)  -  (II. 5. 6) 


If  R  is  a  representation  of  G  -  e  that  stans  at  u  and  ends  at  v.  and  p'(e.R)  >  0.  then  it  is  denoted 


u.u* 


V. 


To  see  why  we  include  ail  of  2(G  )  in  this  definition,  and  not  just  2(G 


-  e>.  consider  Figure 
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II. 5. 6(a).  In  Figure  11.5.6(b),  we  look  more  closely  at  B.  In  this  example,  the  face  F  that  is  in  3(B) 
and  contains  e  is  a  3-gon. 


Figure  11.5.6(a)  Figure  11.5.6(b) 

Suppose  that  we  have  a  representation  R  of  A  and  a  representation  R’  of  B  -  e.  Since  R  =  R  u 
R'  is  an  irredundant  representation  of  G,  we  would  like  to  be  able  to  compute  the  profit  of  R  from  the 
profits  of  R  and  R'.  Note  also  that  3(G)  is  partitioned  into  3(A)  u  3(B).  Although  F  e.  3(B  -  e), 
the  profit  of  a  representation  of  G  must  take  into  account  the  contribution  of  F.  The  most  convenient 
w  av  of  doing  this  that  allows  some  combining  of  R  and  R’  is  to  assign  the  contribution  of  F  to  the 
profit  of  R'.  This  violates  the  definition  of  profit  (since  R'  is  a  representation  of  B  -  e  and  not  B)  so 
we  use  the  term  e-profit  Additional  details  concerning  the  combining  of  profits  and  representations 
appear  in  later  parts  of  the  proof. 

Suppose  that  G  is  an  odd  plane  block  and  not  a  3-gon.  If  u  e  P(G)  and  the  only  faces  that  are 
incident  to  u  are  the  unbounded  face  and  one  bounded  3-gon,  then  u  is  called  troublesome.  Let  T(G) 
be  the  set  of  troublesome  vertices  of  G.  For  example,  in  Figure  11.5,7,  7YG)  =  {«}. 


Figure  II. 5. 7:  G 


Since  our  graphs  have  no  multiple  edges.  \(G)  =  3  implies  that  T(G)  =  0.  If  G  is  an  even  block  or  a 
3-gon,  then  we  define  T(G)  to  be  the  empty  set.  Note  that  it  is  impossible  to  have  two  adjacent  mem¬ 
bers  of  VG).  In  particular,  if  u  and  u  are  one  step  apart  on  the  unbounded  face,  then  at  least  one  of 
{ w.u'}  is  not  in  TiG). 

We  have  now  defined  most  of  the  terms  in  Theorem  II. 5. 5  (below).  The  terms  "u-admissable". 


"almost  profitable",  and  "difficult  triple"  are  quite  technical  and  we  defer  their  definitions  until  the 
nroof  of  the  theorem. 


Theorem  II .5.5.  Suppose  that  G  is  a  plane  graph,  and  that  e  =  uu'  and  e'  =  u'u"  are  edges  of 

the  unbounded  face.  Then  we  have  the  following: 

( i )  If  G  is  an  odd  block,  then  G  has  a  profitable  u,v-representation  unless  u  =  v  e  T(G). 

(ii)  If  G  is  an  even  block,  then  G  has  a  profitable  e,v-representation. 

(iii)  If  G  is  an  even  block,  then  G  has  a  profitable  e,e  -representation. 

(iv)  If  G  is  u-admissable  and  v^u,  then  G  has  a  profitable  u,v-representation. 

(v)  If  G  is  an  odd  block  and  v  e  { u\u"),  then,  unless  v  =  u'  e  TlG),  G  has  a  profitable 
e.v-representarion. 

<vi)  If  G  is  an  even  block,  \<G)  >  4,  and  v  s  {u',u"},  then  there  exists  a  u.v-representation 
ofG-e  for  which  the  e-profit  is  nonnegative. 

(vii)  If  G  is  an  odd  block  and  le\e,v)  is  not  a  difficult  triple,  then  G  has  an  almost  profitable 
e,v* -representation. 

Most  of  the  rest  of  §11.5  is  devoted  to  proving  Theorem  II.5.5.  The  proof  is  by  induction  on  the 
number  of  edges.  We  will  use  (e.g.)  (i)  to  refer  to  Theorem  II.5.5(i),  or  to  point  out  that  we  are  ap¬ 
plying  the  induction  hypothesis  Theorem  II.5.5(i)  to  a  smaller  graph;  the  context  will  make  the  mean¬ 
ing  of  this  notation  clear. 

The  critical  conclusions  of  Theorem  EL5.5  are  (i)  tmd  (ii);  these  show  that  profitable  representa¬ 
tions  for  planar  blocks  exist.  Note  that,  since  an  £,v-representation  is  also  a  «,v-representation.  (ii) 
implies  that  if  G  is  an  even  block,  then  there  exists  a  profitable  M,v-representation  of  G.  We  will  fre¬ 
quently  use  this  analogue  and  refer  to  it  simply  as  (ii). 

By  considering  the  reverses  of  the  representations  of  (ii),  (v),  and  (vi),  we  immediately  obtain: 

( iir)  If  G  is  an  even  block,  then  G  has  a  profitable  v,e-representation. 

(vr)  If  G  is  an  odd  block  and  v  s  (tt'.u"),  then,  unless  v  =  «'  s  T(G).  G  has  a  profitable 

v,c-representation. 

(vir)  If  G  is  an  even  block,  k(G )  >  4,  and  v  €  then  there  exists  a  tf’.ti-representation 

of  G  -  e  for  which  the  e-profit  is  nonnegative. 

We  will  use  these  as  we  would  use  any  of  the  other  induction  hypotheses  and  refer  to  them  as  (iir), 

(vr).  and  (vir). 

If  R  is  a  representation,  then  the  components  can  be  permuted  or  reversed  without  affecting  the  size 
of  R.  Therefore,  if  R  starts  or  ends  at  a.  then  there  is  a  representation  R’  such  that  7? I  =  !/?'!  (and 
hence  piRi  =  p<R' A  and  the  first  interval  of  R‘  is  a  ;<-intervai.  This  is  usefui  for  combining  represen¬ 
tations  of  subgraphs  of  G  to  get  a  representation  of  G. 


Lemma  II. 5. 6.  Suppose  that  G  is  a  plane  graph  with  the  two  blocks  A  and  B,  u  e  Pi  A),  v  e 
PiBk  and  VfA)  n  ViBi  =  { vv) .  Suppose  also  that  R\  is  a  profitable  u.w-reprerentation  of  A  and  R z 
is  a  profitable  ^-representation  of  B.  Then  there  exists  a  profitable  u,v-representation  R  of  G. 
Proof.  The  hypotheses  concerning  G  are  illustrated  below. 


Figure  II.5.8 

Bv  permuting  the  components  of  R\  and  Rz  and  shifting  all  of  the  intervals  of  Rz,  we  may  assume 
that  R 1  and  Rz  is  as  below. 

Figure  II.5.9:  /?i  /?2 

Let  =  u  /?2-  Note  that/iYGl  =  fi(A)  +  f{(B)  and  rt(R')  =  ri(R\)  +  rtfRz).  From  the 
definition  of  p.  we  have  p(R')  =  piR\)  +  p<Rz)  ~  2.  Since  p(R\)  and p(Rz)  are  both  nonnegative, 
p(R' >  >  -2. 

Now  let  0i  be  the  w-interval  of  R\  that  corresponds  to  R\  ending  at  w,  and  let  02  be  the  w-interval 
of  R 2  that  corresponds  to  Rz  starting  at  w.  Splice  0]  and  82  together  to  form  the  new  interval  0.  Call 
this  representation  R:  it  is  irredundant  and,  from  I  RI  =  IR1  -  1  and  (II.5.4b),  we  have  p(R)  =  p(R)  + 
2  >  0.* 

Putung  the  two  notations  for  R\  and  Rz  together  and  suppressing  the  second  w  results  in  the  nota¬ 
tion  uA  — >  w.S  — >  v  for  describing  the  profitable  u.v-representation  of  Lemma  II. 5. 6. 

A  variation  of  Lemma  II. 5. 6  is  the  idea  of  splicing  together  the  two  intervals  that  correspond  to  an 
edge.  Suppose  that  A  and  B  are  sections  of  G,  E(G)  =  E(A )  u  E(B)  and  E(A)  n  E(B)  =  (mu'). 
Also,  suppose  that  ^  i  is  a  profitable  u.u'u "-representation  of  A  and  that  R z  is  a  profitable 

u'u'.v- representation  of  B.  As  before,  we  may  assume  that  R\  and  Rz  are  as  below. 

u" 

Figure  II. 5. 10:  R \  R 2 

Let  R‘  =  R  i  Rz-  Note  that  R'  :s  not  a  proper  representation  of  G  since  it  is  not  irredundant. 
However,  if  v»  spiice  together  the  ;<'-intervais  and  the  ^''-intervals,  then  the  resulting  representation  is 
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irredundant  and  profitable.  We  denote  it  uA  — »  u'u"JB  — >  v. 

Of  course  it  is  possible  to  use  a  sequence  of  splices.  In  particular,  suppose  that  G  has  the  follow¬ 
ing  characteristics: 

i.  The  blocks  of  G  are  {A; :  i  =  1, ...,£}. 

ii.  u  s  A  i 

iii.  For  i  =  1 . k  -  1,  V(Ai)  n  V(Ai+  \)  =  w; 

iv.  v  s  P(Ak) 

v.  { Wj  :  i  =  1 . k  -  1}  are  distinct. 

vi.  j  £  {i  -  l,i  +  1}  =5>  V(Ai)  n  V(Aj)  =  0 

vii.  wi,  {wj,Az+i  -4  wj+ 1  :  i  =  -  1),  and  w^.i Ale  — *  v  exist. 

Then  it  is  possible  to  construct  a  profitable  u,v-representation  for  G  by  repeatedly  applying  Lemma 
0.5.6.  An  example  that  satisfies  conditions  i.  through  vi.  for  k  =  3  is  given  below. 


Figure  II.5.11 

We  call  a  sequence  of  splices  as  above  a  march.  We  also  use  the  term  march  if  we  start  at  an  edge 
of  the  first  block  or  if  we  end  at  an  edge  of  the  last  block. 

The  representations  asserted  by  Theorem  II.5.5  are  constructed  as  follows:  A  plane  block  is  di¬ 
vided  unto  sections,  induction  is  applied  to  each  section,  and  the  resulting  representations  are  spliced 


together.  From  Lemma  II.5.6,  we  can  compute  the  profit  of  such  a  representation  if  we  know  the 
profits  of  the  constituent  representations. 

We  use  the  following  abbreviations  concerning  profitable  representations  of  a  section  that  consists 
of  a  single  edge  e  =  uu': 

u(u') 


is  abbreviated 
is  abbreviated 
is  abbreviated 
is  abbreviated 


u  — »  u 
uu'  -4  U 
LI  -4  UU' 


We  illustrate  the  description  of  a  representation  that  is  constructed  by  splicing  together  several 
nons.  including  some  that  are  single  edges.  Suppose  that  we  have  the  following  situation: 


uu'  is  a  cut-edge  of  G 

The  two  components  of  G  -  e  are  A  and  8. 

There  exists  a  profitable  v.w-representauon  of  A  and  a  profitable  a'.H.'  -representation  of  B, 


Then  v,A  — *  u  — >  u\B  — ►  ww'  -»  w  is  a  protnable  v,w-representation  of  G. 

The  first  interval  is  always  a  depth- 1  interval  and  it  contributes  -2  to  the  profit.  This  is  offset  by 
the  constant  in  the  definition  of  profit.  For  any  other  depth- 1  interval,  there  must  be  some  part  of  the 
representation  that  "creates”  a  profit  of  two  if  the  representation  is  to  be  profitable.  Recall  that  each 
5-gon  contributes  one  to  the  profit,  a  profitable  representation  of  an  odd  block  contributes  one,  and  a 
depth-3  interval  contributes  two.  “Spending”  some  current  or  future  profit  from  these  sources  on  a 
new  depth- 1  interval  is  a  common  tactic  and  we  therefore  use  the  term  “buy  at  v”  to  mean  "start  a  new 
component  of  the  representation  with  a  depth- 1  v-interval.”  Unless  otherwise  specified,  a  contribu¬ 
tion  is  understood  to  mean  a  contribution  of  one  to  the  profit  and  a  negative  contribution  is 
understood  to  mean  a  negative  contribution  of  one  to  the  profit. 

Consider  the  following  example. 


Figure  II.5. 12:  C 

Suppose  that  we  wish  to  show  the  existence  of  u.G  — »  v  and  we  know  only  that  v  e  P(G).  Suppose 
also  that  e/A)  =  1  and  that  uA  —>  wj.  w\£  — *  W2,  and  W2,C  — >  u'  all  exist.  Then  the  representa¬ 
tion  R'  =  utu'iA  — >  w\~B  — »  wyC  — ■*  u'  has  a  profit  of  at  least  one  because  of  uA  —>  w\.  But 
there  is  also  a  contribution  to  p(R')  from  the  bounded  5-gon  F  and  this  has  not  yet  been  considered. 
Hence  p<R‘>>  2  and  we  can  "afford”  to  buy  at  v;  let  R  be  the  union  of  R'  and  a  single  isolated 
v-interval.  Then  p(R)  -  p(R')  -  2  >  0  and  R  ends  at  v.  Hence  R  is  a  profitable  representation  that 
ends  at  v.  The  strategy  of  marching  through  a  sequence  of  sections  to  end  at  any  vertex  with  enough 
surplus  profit  to  buy  at  v  is  called  march  and  buy.  It  occurs  in  the  proof  of  every  induction  step  of 
Theorem  II. 5. 5. 

The  most  powerful  induction  hypotheses  of  Theorem  11.5.5  are  ti>.  (iii,  and  (v).  But  m)  and  <v» 
are  weakened  by  the  restriction  concerning  TiGi.  These  restrictions  .ire  necessary  as  shown  by  the 
crash  of  Ficure  II. 5. 6.;  if  there  exists  a  profitable  u.K-recresentaticn  /?!.  then,  from  (11.5.4(b)).  7? I  < 
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6  and  R  starts  at  u  and  ends  at  u.  It  is  easy  to  verify  that  there  is  no  such  representation. 

Even  with  this  restriction,  (i)  and  (v)  are  quite  powerful  because  it  is  often  possible  to  eliminate  the 
possibility'  of  u  e  T(G).  For  example,  we  have  already  noted  that  it  is  impossible  for  two  consecutive 
members  of  the  unbounded  face  to  be  in  T(G).  The  following  lemma  is  also  useful. 

Lemma  II.5.7.  Suppose  that  G  is  a  plane  block,  u,  u\  u"  e  P(G ),  uu'  and  u'u"  are  edges  of  the 
unbounded  face,  H  =  G  -  uu',  and  v  €  (u',u").  Suppose  that  H  has  a  cut-vertex.  Let  A  be  the 
block,  of  H  that  contains  the  edge  u'u"  and  let  w  be  the  cut-vertex  of  H  that  is  in  P(A). 

Then  v  =  w  implies  that  X(A)  <  4  and  hence  T(A)  =  0. 

Before  presenting  the  proof  of  this  lemma,  we  give  a  pair  of  examples  that  illustrate  both  the  simple 
nature  of  the  lemma  and  how  it  makes  the  exclusion  of  6-gons  so  convenient.  In  Figure  11.5.13(a). 
X(F)  =  5  and  X(4)  =  4.  Contrast  this  with  Figure  11.5.13(b).  In  this  graph,  F  is  a  6-gon,  X(A)  =  5, 
and  the  conclusion  of  the  lemma  is  false. 


u  U '  U  u' 


Figure  11.5.13(a)  Figure  11.5.13(b) 

Proof  of  Lemma  II.5.7.  Let  F-O(uu').  Since  v  =  w.  V(F)  2  P(A)  and.  from  XiF)  <  5 
and  u  ■=  V(F)  -  P(A),  it  follows  that  X(A)  <  4.  a 

This  lemma  is  used  repeatedly.  We  note  its  use  the  First  time  we  use  it  and  thereafter  use  it  tacitly. 

The  proof  of  Theorem  II. 5. 5  is  by  induction  on  the  number  of  edges.  The  basis  case  for  (i).  (v), 
and  (vii)  is  the  3-gon.  The  basis  case  for  (ii)  and  (iii)  is  a  single  edge.  For  (iv),  the  basis  case  is  the 
4-gon  and  for  (vi),  the  basis  case  is  the  graph  that  consists  of  two  incident  edges.  These  are  all  trivial. 
Now  suppose  that  G  is  given  and  that  Theorem  II. 5. 5  holds  for  all  plane  graphs  with  fewer  edges  than 
G.  We  will  assume  that  u  is  counterclockwise  from  u  and  u"  is  counterclockwise  from  u\  Most 
steps  are  justified  by  (i),  (ii).  ( vj.  or  (vi)  and  we  will  not  mention  these  justifications  explicitly. 

Since  nothing  is  proved  until  the  induction  step  for  each  of  the  pans  is  established,  we  use  the 
symbol  *  instead  of  a  to  indicate  the  end  of  the  induction  step  tor  one  of  the  assenions. 


We  first  present  the  induction  step  of  (vi).  Let  F  =  0(e)  and  H  -  G  -  e.  If  X(F)  >  4,  then  march 
through  the  blocks  of  H  to  end  at  v.  using  Lemma  II.5.7.  Note  that  the  face  F  has  a  nonnegative  effect 
on  p. 

Now  suppose  that  X(F)  =  3  so  that  Z(H)  =1.  If  H  is  a  block,  then  use  u,H  — »  v.  This  provides 
a  contribution  to  p  that  offsets  the  negative  contribution  of  F. 

If  H  is  not  a  block,  then  define  w  by  F  =  (uwu)  Since  H  is  not  2-connected,  w  g  P(G)  and  H 
has  two  blocks  A  and  B,  where  u  g  VfA)  and  u'  g  V(B).  This  is  illustrated  in  Figure  II. 5. 14. 

u" 

Figure  II.5.14 

Since  z(H)  =  1,  exactly  one  of  {4i?}  is  odd.  Use  uA  — >  wji  — *  v.  This  march  yields  a  contribu¬ 
tion  as  it  goes  through  the  odd  block  (whether  A  or  B)  and  this  offsets  the  negative  contribution  of  F.+ 

We  now  concentrate  on  (iv).  If  G  is  a  plane  graph  and  u  e  P(G),  then  G  is  u-admissab(e  if  G 
has  exactly  tw'o  blocks  A  and  5,  u  €  P(n),  4  is  even,  u  is  adjacent  to  the  cut-vertex  u  ,  and 
ii  •£  TtB).  The  situation  is  illustrated  below. 


Figure  II. 5. 15:  u'  €  T(B) 

We  now  present  the  induction  step  of  (iv)  If  A  is  a  single  edge,  then  use  u  — >  u'and  then  (i)  or 
(ii).  Hence  X(A)  >  4.  If  v  g  P<B),  then  use  d<„4  — »  u'JB  — >  v.  Hence  v-  g  P(Ai  -  (u'}.  Let  F  = 
Oie)  and  H  =  A  -  e. 

Suppose  that  }.<F)  =  5.  Since  A  is  even,  at  least  one  block  of  H  is  odd.  Stan  with  u(u')  and 
march  through  the  blocks  of  the  remaining  graph.  Positive  contributions  to  the  profit  are  from  F  and  at 
least  one  biock  of  H  and  we  have  enough  profit  to  buy  at  v.  This  is  our  first  example  of  march  and 
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Suppose  that  k(F)  =  4.  If  two  blocks  of  H  are  odd,  then  we  can  again  march  and  buy.  Hence  we 
may  assume  that  all  blocks  of  H  are  even.  Number  the  blocks  {Af }  and  cut-vertices  ( w,}  of  H  by 
moving  clockwise  from  u  around  P(A)\  u  a  P(A\),  V(A\)  n  V(Az)  =  {wj  j,  V(Az)  r>  ViA^)  = 

{ ,  etc..  Note  that  H  has  at  most  three  blocks. 

If  v  €  P(A \),  then  start  with  u  —>  u'J3  -4  u'  and  then  march  back  to  v.  If  H  has  at  least  two 
blocks  and  v  e  P(A2),  then  use  uA\  — »  u  — >  u’J3  -4  u\  and  then  march  back  to  v.  If  H  has  three 
blocks  and  v  a  P(A 3)  -  (wi),  then  all  four  vertices  of  F  are  members  of  P(A).  This  is  illustrated 


below. 


/  ^2  (e>  ' 

( u VVl 

[(e)  f  (e)J 


Figure  II.5.16 

In  particular,  W2  *-*  u’.  Hence  we  may  use  u(u').A\  -4  w\Az  —■ ►  w2  and  (iv). 

Suppose  that  \(F)  =  3:  define  w  by  F  -  (uwu).  If  w  a  P(Aj,  then  H  is  an  odd  block  and,  since 
v  *  u\  we  can  use  u  -4  u' j5  —>  u\H  -4  v.  If  w  e  P(A),  then  let  be  the  block  of  H  that  con¬ 
tains  u  and  .42  be  the  block  of  H  that  contains  u.  Since  .4  is  even  and  F  is  odd,  exactly  one  .4,  is  odd. 
If  v  a  P(A\)  -  { w ) ,  then  use  u  — *  u\B  — >  u'Az  —>  vv,.4 1  — *  v.  Hence  v  a  P(Az)  -  {/<'). 

If  u  a  77,4ij,  then  w  a  77.4i)  and  z(Az)  =  0  so  we  may  use  u  -4  u'J3  -4  u'  and  (iv).  If 
u  a  T(A  1),  then  use  uA  \  -4  u  — *■  u'.B  -4  u'Az  — »  v.x 

We  now  concentrate  on  (ii).  Let  F  =  0(e)  and  H  =  G  -  e. 

If  k(F)  =  5,  or  k(F)  =  4  and  two  blocks  of  H  are  odd,  then  use  e  -4  u  and  then  march  and  buy. 
In  the  former  case,  one  of  the  blocks  of  H  must  be  odd  since  e(H)  -  1. 

Now  suppose  that  hF)  =  4  and  that  all  blocks  are  even.  Label  the  blocks  { .4, }  and  cut- vertices 
!  u-(- }  of  H  by  moving  clockwise  from  u  around  Pi  At:  u  a  A\.  V(A\)  r\  V1A2)  =  w\.  17.4:)  n 
Vi  A})  -  wz,  etc..  If  v  a  P?A  t).  then  stan  with  e  —  ii  and  march  from  u’  back  to  v.  Otherwise, 

— -  uA  1  —  vvi  and  then  (ii)  or  <  Iv  j. 


use  e 
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Now  suppose  that  X/F )  =  3:  define  w  by  F  =  (uwu‘).  If  w  e  P(G ),  then  use  either  e  — *  u  or 
e  — >  u',  followed  by  u.H  — »  v  or  u',//  — »  v.  If  w  €  FVG),  then  //  has  two  blocks  .A  and  B,  where 
u  €  Pi  A)  and  u  €  P(B).  By  symmetry,  we  may  assume  that  .4  is  even  and  B  is  odd  If  v  e  P(A), 


U 
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■I 


-5 
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6 


*v 
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then  use  e  — »  u'J3  — >  w^4  — >  v  and  if  v  €  /Vfi)  -  (w),  then  use  e  — »  n*4  — >  wJ3  v.+ 


Before  presenting  the  induction  step  of  the  next  assertion  of  Theorem  II.5.5,  we  illustrate  (ii)  by 
presenting  the  induction  step  of  (i)  for  the  case  u  e  T(G).  This  will  be  our  first  explicit  use  of  a 
depth-3  interval. 

Suppose  that  u  €  T(G).  Let  H  -G  •  u.  Start  with  the  depth-1  u-interval  and  then  place  depth-2 
and  depth-3  intervals  corresponding  to  the  other  vertices  of  0(e).  Extend  these  latter  intervals  and  then 
use  (ii)  on  H  to  finish  with  efl  — »  v;  since  G  is  odd  and 3(H)  =  3(G)  -  [F],  H  is  an  even  block  and 
tii)  is  indeed  applicable.  The  depth-3  interval  contributes  two  to  p  and  the  3-gon  subtracts  one.  Hence 
the  representation  has  a  profit  of  one.* 

We  now  concentrate  on  (vii).  If  R  is  a  representation  of  G  -  e'  and  p'(e'Ji)  >  -1,  then  R  is  called 
almost  profitable.  This  term  will  appear  only  if  there  is  a  missing  edge  e\  R  starts  at  an  edge  e, 
and  R  ends  at  the  vertex  v.  For  such  a  situation,  an  almost  profitable  representation  is  denoted 
e.Ge  -=-»  v . 

We  say  that  (e'.e.v)  is  a  difficult  triple  if  either  of  the  following  situations  holds: 

i.  a.  O(e')  =  (u'wxu"),  w  «  P(G),  and  x  €  P(G> 

b.  A  is  the  block  of  G-e'  that  contains  e.  and  B  is  the  block  that  contains  u’. 

c.  Z(A)  =  1  and  Z(A)  =  0 

d.  v  e  P(A)  -  {.x} 

ii.  a.  0<e')  =  (u'wu")  and  vv  €  P(G) 

b.  A  is  the  block  of  G  -  e'  that  contains  e,  and  B  is  the  block  that  contains  u'. 

c.  e/A)  =  e/3 )  =  0 

d.  v  €  P(B i  -  { w  ] 


Therefore,  (vii)  states  that,  except  for  the  situations  illustrated  in  Figures  11.5.17(a)  and  11.5.17(b). 
e,Ge  ^  v  exists. 

We  now  present  the  induction  step  of  (vii).  Let  F  =  O/e' )  and  H  -  G  -  e'.  No  matter  what  F  is. 
scan  a  clockwise  march  from  e  through  the  blocks  of  H.  The  hope  is  that  after  the  march,  we  will  have 
enough  profit  to  buy  at  v;  note  that  the  statement  of  t vii  >  "gnes"  us  some  additional  profit. 
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A  (o) 


Figure  11.5.17(a) 


Figure  11.5.17(b) 


Suppose  that  the  first  block  of  the  proposed  march  is  even.  Then  march  through  all  of  the  blocks, 
either  ending  at  v  or  buying  at  v  after  the  march.  The  only  dme  that  this  tactic  is  too  “expensive”  is  the 
second  difficult  triple. 

Therefore  we  will  assume  that  the  first  block  of  the  proposed  march  is  odd.  In  this  case,  the  fact 
that  the  representation  starts  at  an  edge  forces  us  to  justify  the  first  step  of  the  march  with  (v)  rather 
than  (i).  If  the  first  cut- vertex  is  only  one  step  away  on  the  unbounded  face  of  the  first  block  of  the 
proposed  march,  then  the  march  can  be  completed  and  there  will  be  enough  profit  to  buy  at  v. 

Now  suppose  that  the  first  cut-vertex  is  at  least  two  steps  away  on  the  unbounded  face  of  the  first 
section.  This  cannot  happen  if  X(F')  =  3. 

If  hF')  =  5,  then  we  can  finish  the  representation  of  the  first  block  and  then  buy  at  some  vertex 
to  march  through  the  remaining  graph.  There  is  a  positive  contribution  from  each  of  F\  the  first  odd 
block,  and  some  other  odd  block  (whose  existence  is  inevitable  by  parity).  These  allow  us  enough  to 
buy  a  second  depth- 1  interval  at  v. 

If  \(F)  =  4.  then  if  H  is  a  block,  use  eM  — >  x  for  some  .x  €  P(H )  and  then  buy  at  v.  If  v  is  not 
in  the  same  block  as  then  we  have  the  first  difficult  triple.  Otherwise,  finish  the  first  block  at  some 
vertex  and  then  buy  at  the  cut- vertex  of  H  or  at  u  to  finish  the  second  block  at  v.+ 

We  now  develop  ideas  involving  the  detailed  use  of  depth-3  intervals.  Until  now.  we  have  made 
almost  no  explicit  mention  of  them.  The  rest  of  the  induction  steps  require  us  to  examine  them  more 
closely. 

Suppose  that  R  is  a  representation.  Each  depth-3  interval  represents  two  edges  from  one  3-gon. 
Tne  corresponding  3-gons  are  called  positive  and  the  other  3-gons  negative.  Each  positive  3-gon 
increases  r 3  by  one  and  corresponds  to  an  increase  of  one  in, *3-  In  this  sense,  it  contr.butes  one  to 
piR>.  Each  negative  3-gon  corresponds  to  an  increase  of  one  in/3  and  therefore  contributes  negative 
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one  to  p<Ri. 

If  a  3-gon  (xyz)  is  positive,  then  all  three  vertices  must  have  intervals  that  intersect  at  some  point  \ 
of  the  real  line.  Since  our  representations  are  irredundant,  this  is  the  last  place  where  an  .t-interval  and 
a  v-interval  intersect.  Suppose  that  0(xy,(xyz))  is  also  a  bounded  3-gon  (xyz')  and  that,  prior  to  £;,  no 
edge  of  (xyz’)  had  been  introduced.  If  (xyz')  is  to  be  positive,  then  we  must  immediately  extend  the 
t-interval  and  the  y-interval  and  place  a  depth-3  r '-interval  that  intersects  the  other  two  and  whose  left 
endpoint  is  greater  than  the  right  endpoint  of  the  z-interval. 

One  consequence  of  this  is  that  if  (xy'z)  is  also  a  bounded  3-gon  and,  prior  to  x ,  no  edge  of  (xy'z) 
had  been  introduced,  then  at  least  one  of  [(xyz’),(xy'z)}  will  be  negative.  This  leads  us  to  the  concept 
of  paths  of  positive  3-gons.  If,  in  the  plane  dual,  there  is  a  path  of  3-gons,  then  we  can  make  each  of 
them  positive  as  long  as  each  of  the  other  faces  adjacent  (in  the  plane  dual)  to  the  3-gons  on  the  path  is 
of  degree  at  least  four  or  is  negative.  When  we  use  such  a  path,  we  denote  it  by  separating  the  positive 
3-gons  by  arrows.  This  is  actually  just  shorthand  for  considering  the  3-gons  as  sections  and  explicitly 
stating  the  shared  edges. 

The  following  two  examples  illustrate  how  we  combine  paths  of  positive  3-gons  with  the  induction 
hypotheses  of  Theorem  II.5.5  to  establish  the  existence  of  profitable  representations. 

Consider  Gi  and  Gz  below.  For  each  graph,  z(A)  =  1,  e(B)  =  0,  v  e  Pi. A),  and  we  wish  to 
find  a  profitable  u.v-representation  for  the  entire  graph. 


Figure  II. 5. 18(a):  G\  Figure  11.5.18(b):  Gz 

For  G;.  stan  by  using  (vr)  to  justify  uA  — » ,w.  Since  this  removes  ux,  F\  is  negative.  Continue 
with  the  path  of  positive  3-gons  F'  —  F  — >  F \.  Since  \(T>  =  4.  T  contributes  nothing  to  p  and  so 
the  use  of  the  edge  wtf  does  not  cost  anything.  Finish  by  using  (ii)  to  justify  u'.B  — r  u'.  There  are 


four  contributions  to  the  profit .  one  negative  contribution,  and  3  is  neutral.  Hence  we  can  buv  at  r. 


We  describe  the  entire  procedure  by  "uA  —>  wx,F'  — »  F  — >  F\  — >  it'.B  —>  u  and  buy  at  v.” 


For  G2,  it  is  actually  possible  to  start  with  the  edge  uu'.  Stan  with  uu  — »  u',  making  F\  negative. 
Continue  with  u'£  — »  u\Fi  — *  F  — »  F'  — »  w.x.  Again,  T  can  be  safely  ignored  but  this  time  P  is 
negative.  Since  no  edge  of  F\  has  been  removed,  we  can  combine  F\  with  the  odd  section  A  to  form 
an  even  section  and  then  use  (ii)  to  justify  wxA  u  F{  -4  v.  There  are  three  positive  contributions, 
two  negative  ones,  and  A  u  Ff  and  B  are  neutral.  The  entire  procedure  is  described  by  “uu'  -4 
u’,B  —*  u'.F 2  — »  F  — >  F‘  — »  .nv.Fj  u  A  v. 

We  now  present  the  induction  step  of  (iii).  Let  F  =  0(e)  and  H  =  G  -  e. 

If  a/F)  =  5  (so  that  //  has  at  least  one  odd  block)  or  X(F)  =  4  and  H  has  two  odd  blocks,  then 
start  with  e  — '*  u  and  march  clockwise  to  the  last  cut-vertex  of  H.  Note  that  if  H  is  a  block,  then  this 
march  is  vacuous.  Then  use  (iir)  or  (vr)  to  determine  a  vertex  at  which  a  depth-1  interval  can  be  bought 
in  order  to  end  at  e‘.  If  hF)  =  4  and  H  has  no  odd  blocks,  then  again  start  with  e  u  but  this  time 

march  through  the  blocks  of  H  to  e\  using  (iir)  for  the  last  block  of  H. 

Hence  we  may  assume  that  X(F)  -  3;  define  w  by  F  =  (uu’wj. 

Suppose  that  w  €  P(G)  so  that  H  is  a  block.  If  ii  e.  T(H),  then  use  e  — >  u\H  e\  If  u'  e 
T(H),  then  O(e')  =  ( u’wu ").  Use  e,F  —>  uw,G  -  u'  -4  u"  — >•  e'. 

Now  suppose  that  we  P(G)  so  that  H  has  two  blocks.  Let  A  be  the  block  of  FI  that  contains  u 
and  B  be  the  block  that  contains  e\  Stan  with  e  —+  uA  w.  Then  use  induction  (iir)  or  (vr)  to  fin¬ 
ish  with  w,B  —>  e'.± 


The  inducnon  steps,  (i)  and  (v),  are  far  more  difficult  to  establish.  Comparing  (i)  and  (v)  with  (ii), 
we  see  that  odd  blocks  are  much  more  difficult  to  deal  with.  Not  only  are  the  proofs  harder,  but  the 
results  seem  to  be  weaker.  For  example,  it  would  be  nice  if,  as  in  (ii),  we  could  “stan  at  an  edge  and 
end  anywhere"  with  odd  blocks.  But  the  examples  below  show  that  this  is  not  possible. 


u  u' 

Ficure  II. 5. 19(a>:  G\ 


Figure  11.5.19(b):  G- 


There  is  no  ^-representation  for  Gi  and,  if  v  is  any  of  the  three  circled  vertices  in  G2,  then  there 
is  no  c.v-representation  for  G 2. 

There  is  an  intuitive  basis  for  suspecting  that  odd  blocks  are  more  difficult  to  deal  with.  A  prof¬ 
itable  representation  of  an  even  block  gains  nothing  whereas  a  profitable  representation  of  an  odd  block 
gains  one.  In  essence,  both  the  amount  of  work  and  the  reward  of  odd  blocks  is  greater  than  that  of 
even  blocks. 

To  keep  things  more  compact,  we  will  also  reuse  labels;  it  is  understood  that  the  definition  of  a  la¬ 
bel  nullifies  any  previous  use  of  that  label. 

We  now  present  the  induction  step  of  (v).  Let  H  =  G  -  e  and  F  =  0(e). 

If  'k(F)  >  4,  then  start  with  e  — >  u  and  march  through  the  blocks  of  H  to  v.  Hence  X(F>  =  3;  de¬ 
fine  w  by  F  =  (uwu'). 

If  iv  €  P(G),  then  H  has  two  blocks  A  and  B ,  where  u  e  Pi  A),  u'  e  P(B ),  and  w  e  P(A)  n 
PiB).  Since  hF)  =  3  and  G  is  odd,  H  is  even  and  so  E(A>  =  etB).  If  eM)  =  1,  then  use  e  —► 
tr,.4  — >  wjB  — >  v.  If  e(A )  =  0,  then  use  e,F  —*  uwA  w.Bu  w  — ►  v.  The  last  step  is  justified  bv 
(vi:  and  it  is  both  unnecessary  and  unavailable  if  u  e  T(G)  (i.e.,  w  =  u"). 

Hence  w  g  P(G>.  We  have  the  following. 


Figure  II.5.20 

Let  F 1  =  0<u\v.F>  and  H  =  G  -  [e.u'w].  Let  A  be  the  block  of  H  that  contains  w  and  B  be  the 
block  of  H  that  contains  11. 

Suppose  that  \<F\ )  >  4.  Stan  with  e.F  — *  uw.  If  eiA>  =  1.  then  continue  with  uw.A  — *  x.  for 
some  x.  and  buy  at  either  v  (if  H  is  a  block)  or  the  cut-venex  between  A  and  the  next  block  to  march  to 
B.  ending  at  v.  If  eiA  >  =  0.  then  simply  march  from  uw  through  the  blocks  of  H  to  v. 

Hence  h  F\)  =  3;  define  x  by  F\  =  iu'wxi.  If  x  €  PiG ),  then  use  e.F  — *  uwA  —  x.3  —  v. 
Hence  x  €  P'Gi.  We  have  the  situation  below-. 


Figure  II.5.21 
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Let  F?  =  0(uw.F) .  Note  that  if  u  e  F2  then,  to  avoid  multiple  edges,  a .(F2)  -  5  and  u'  is  two 
steps  away  from  both  u  and  w  on  F 2.  Let  H  =  G  -  { e.uw] .  Let  A  be  the  block  of  H  that  contains  u 
and  B  be  the  block  of  H  that  contains  w.  Note  that  E(B)  2  E(F\ )  and  hence  a jB)  >  3.  Moreover,  the 
existence  of  F\  precludes  the  possibility  of  u'  €  T(B). 

Supppose  that  'k{F2)  =  5.  If  u  €  F2,  then  start  with  e.F  — >  u'wji  —>  u\  march  back  to  u 
through  the  blocks  of  the  remaining  graph,  and  buy  at  v.  If  u'  e  F2,  use  eJF  — »  u'wji  — *  v,  and 
then  buy  at  u  to  stan  a  march  through  the  blocks  of  the  remaining  graph. 

Now  suppose  that  MF2)  =  4;  define  y  and  r  by  F2  =  (uyzw).  If  .r  6  F?,  then  x  =  y  or  x  =  r.  If 
.t  =  v,  then  P(B)  -  (wjc.;}.  Use  e,F  —>  wji  — >  x,G  *  E(F)  -  E(B)  -*  v.  If  .r  =  a,  then  stan 
with  e.F  F\  ->  xu\  march  through  the  the  blocks  of  the  remaining  graph,  and  then  buy  at  v. 
Hence  x  <z  Fi.  Use  ej  -4  u  and  march  through  the  blocks  of  the  remaining  graph  to  v. 

Hence  \iF2)  =  3:  define  y  by  F;  =  fuyw). 

If  y  =  .r,  then  use  e,F  — *  Fi  — »  xu'  and  (ii).  If  y  €  P(G ),  then  use  e.F  u‘w,G  -  {e.uw}  — > 
v.  justifying  the  last  step  by  (v)  and  the  existence  of  F\  (to  preclude  the  possibility  of  u  s  T(G  - 
{e.uw])). 

Hence  v  s  P(G ).  Let  A  be  the  block  of  G  -  EiF)  that  contains  u  and  B  be  the  block  of  G  -  E(F ) 
that  contains  vv.  We  have  the  situation  below. 


v 


Figure  II. 5. 22 


Note  that  e:Ai  =  eiB>.  I iztAi  =  1.  then  use  e.F  —  uA  —  y3  —  v.  Hence  ziAi  =  eiBi  =  0.  Let 

=  B 1 


F:  =  0<  vt-v.F-1 1.  Let  H  -  B  j  F  \  -  [  vw ) .  Since  E' Bi  -  0.  Ef  F \ )  =  1  and  2t  H  > 


{Fi)  -  IF3}.  it  follows  that  eiHi  =  1  -  e(F 3). 


I 


r. 

i 
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Suppose  that  XiF^)  >  4.  If  H  is  a  block,  then  use  e  — ►  u  F2  —>  y,H  —*  v  unless  y  =  v  = 
u"  and  h F}i  =  4.  In  this  case  X(H)  =  5  and  it  is  possible  for  y  =  v  =  u"  €  T(H)  and  we  therefore 
cannot  apply  (i)  for  the  last  step  of  the  preceding  procedure.  For  this  case,  use  ej7  — » 
u'wj-j  u  Ft,  — >  vA  — >  v.  Hence  H  is  not  a  block.  Let  C  be  the  block  of  H  that  contains  w 
Because  of  F\,  XiC)  ^  3.  Let  D  be  the  block  of  H  that  shares  the  cut-vertex  2  with  C. 

Recall  that  XtFj)  >  4.  First  assume  that  v  e  P(C)  and  that  either  v  *  z  or  v  e  T(C).  Use  e  —> 
uA  sj  F 2  y  and  march  to  v  through  the  blocks  of  H.  Now  if  v  €  P(C),  then  v  =  u"  €  P(D),  and 
Pi  F3;  -  {>•  j  2  P(C ).  Hence  X(C)  £4  and  T(C)  =  0.  Use  eJF  — ►  u'w.C  — »  w  — >  yA  — »  y  and 
then  march  to  v.  The  last  possibility  for  /4F3J  >  4  is  that  v  =  :s  T(C).  Since  X  (C)  >  5,  we  must 
have  v  =  r  =u"  and  PlF^)  -  {>’}  2  P(C)  -  {u'}  and  hence  XlC)  <  XlF 3).  Since  T(C)  *  0. 

X<  C)  >  5  and  X(F  31  =  5.  Use  e  — >  u-4  uf  2  v,  march  through  the  blocks  of  H  and  buy  at  v. 

Hence  X(F 3;  =  3;  define  2  by  F3  =  <wyz).  There  are  three  cases:  2  =  x,  2  e  F(G)  u  {.x },  and 
2  s  PiG>.  These  are  illustrated  below. 


Figure  II.5.23 

If  2  =  x.  then  start  with  e  — *  uA  uf  2  ~ *  yw.  If  v  =  u\  then  finish  with  yw.F 3  —  vx.B'  — * 
-v  1.  If  v  =  u" .  then  finish  with  yiv  — *  w,F\  —*  xu'jB'  — >  u". 

If  2  -  P'G)  '-j  {  r } .  then,  unless  v  =  u"  -  y  (which  implies  that  XiB'i  =  5i,  use  e.F  — * 

■i’.v.A  _  F:  y.B'  —  v  If  v  =  it  '  =  y.  then  use  e.F  —r  u'w.B'  \j  F\  'J  F 3  —  yA  —  v. 

It  2  -e  P  G  .  then  use  e.F  —  uu-..4  _  F;  —  y.5'  —  2.5”  —  v  and  march  through,  the  biocks 
:f  tr.e  remaining  graph  to  v.x 
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To  present  the  induction  step  of  (i),  we  define  the  level  of  u  in  Algorithm  II. 5. 8.  This  algorithm 
defines  the  level  k,  two  sets  {it/ :  i  =  0....J:}  and  {uf :  i  =  0,...k)  of  vertices,  two  sets  [F ,  :  i  = 

1 . k]  and  [F{ :  i  =  !,...,£}  of  faces,  integers  s  and  r,  sets  (w, :  j  -  2 -  1},  and  [wj  :  j  - 


,t  -  1 }  of  vertices,  faces  F  =  and  F'  =  (u^x^,. .  .^t-\w2),  and  a  set  Q  of 


vertices. 

Algorithm  II.5.8. 

a.  Initialize: 

a)  k  =  0,  uq  =  u,  and  uq  is  the  vertex  in  P  that  is  clockwise  from  u. 

b)  F  =  0(e)  -  ( uw->w2...ws.\u ')  and  F’  =  0(uw2)  -  (hx'>xt>...x[.\ w->) 

c)  Q  =  P(G) 

b.  If  a (F)  =  X(F')  =  3.iv'2  e  Q,  xz  £  Q,  then: 

a)  Q  =  Q 

b)  k  =  k  +  1,  uic  =  W2,  Ujfc  =  .t2,  F  ^  =  F,  and  Fi  ~  F' 

c)  F  =  0< Uku'J-’O',  define  s,  W2,  W3,....  and  w,_i  by  F  -  (ukW2wi...ws.\u'). 

d)  F'  =  O(ukwz):  define  r.  xz,  *3 . and  .r,.i  by  F  -  (uk.xzxz...xl.\w2) 

e)  Repeat  step  b.. 

Three  examples  appear  below. 


k  =  0 


/U{  =  X2 _ Wn 

“6\  fN/f 


£  =  1 

Fiaure  II. 5. 24 


k  =  2 


We  need  to  find  a  profitable  n.v-representation  for  any  v  €  P(G).  We  will  find  a  profitable 


representation  for  almost  any  v  <=  Q.  Tne  basic  tactic  is  to  start  with  u  —*  ejr  \ 


Fk  — *  Wi-if 


and  continue  from  there  depending  upon  where  v  is  in  Q,  relative  to  F  and  F’.  Tn  this  initial  pan  of  the 
proposed  procedure,  each  F-  is  positive  and  each  F[  is  negative  so  when  we  get  to  uku' ,  we  are  neither 
ahead  nor  ^hind.  Let  G'  be  the  graph  that  remains  after  this  proposed  start.  After  the  proposed  stan. 
we  are  zoning  the  representation  of  G'  at  G'  is  a  block,  and  P'G'i  =  Q.  An  example  of  G  and 
G'  arrears  below. 


Figure  11.5.25(a):  G 


Figure  11.5.25(b):  G' 


By  making  all  of  the  Ff s  positive,  we  have  created  a  situation  in  which  we  must  start  at  an  edge 
and  this,  as  shown  in  Figure  II.5.20,  is  not  always  possible. 

Hence  we  may  not  always  use  this  tactic.  However  a  case  is  “mostly”  described  by  the  placement 
of  v  in  Q,  relative  to  F  and  F'.  Suppose  that  we  know  every  pertinent  fact  about  v,  F  and  F\  We  will 
describe  procedures  for  each  of  the  levels  k  =  0,  k  =  1,  etc.,  until  we  have  a  procedure  that  starts  with 
the  edge  e  instead  of  just  the  vertex  u.  This  is  the  last  level  that  we  need  to  consider.  To  see  this,  re¬ 
call  the  graphs  G\  and  Gz  of  Figures  II.5.18(?)  and  11.5.18(b). 

Recall  that  for  G\,  we  have  a  profitable  u,v-representation  and  for  Gz,  we  have  a  profitable 
iu i  ./-representation.  Now  suppose  that  the  level  is  k  >  2,  we  need  to  find  a  profitable 
/-representation.  and  that  we  have  the  same  situation  concerning  F  and  v  as  in  Figure  II.5.18: 

\(  F")  ~  3,  xz  ~  uf  X(0(u'w,F))  =  4,  etc..  Then  we  can  start  a  representation  with  e,F\  — » 

Fz  — *  ...  — *  Fi(. [  —►  Uk.\u'  and  conclude  with  the  procedure  of  Gz ■  This  is  possible  because  the 
procedure  of  Gz  starts  with  the  edge  u*.i  u,  and  this  is  where  the  initial  pan  of  the  representation  cur¬ 
rently  ends. 

Cases  are  organized  by  considering  the  level  last.  Let  k  be  the  level.  We  will  asume  that  k  =  0 
and  try  to  find  a  profitable  u,v-representacion  that  starts  at  e.  If  we  succeed  then,  by  the  above  para¬ 
graph,  we  do  not  have  to  consider  higher  values  of  k.  For  most  of  the  cases  for  which  this  is  not  pos¬ 
sible.  we  can  start  at  u  if  k  =  0  and  at  e  if  k  -  I.  For  the  cases  for  which  we  cannot  stan  at  e  if  k  -  1. 
then  we  will  be  able  to  stan  at  u  if  k  <=  {0,1  j  and  at  e  if  k  =  2. 

We  must  reson  to  many  cases  and  subcases.  We  name  a  subcase  by  a  string  of  digits.  Tne  name 
of  a  subcase  will  describe  where  in  the  “tree  of  cases"  the  subcase  is.  For  example.  Case  215  is  the 
'bird  subcase  of  the  first  subcase  of  the  second  main  case. 
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Often  there  are  some  subcases  that  are  so  easily  disposed  of  that  they  do  not  merit  being  considered 
as  separate  cases.  Following  the  definition  of  a  subcase,  there  is  often  a  paragraph  or  two  that  dis¬ 
poses  of  these  preliminary  cases. 

We  now  present  the  induction  step  of  (i).  Almost  all  of  the  rest  of  §11.5  is  spent  on  this. 

The  first  three  main  cases  correspond  to  the  different  ways  that  Algorithm  H5.8  can  terminate  be¬ 
cause  of  some  ''irregularity”  of  F  (i.e.,  \(F)  =  5,  \(F)  -  4,  and  \(F)  =  3  with  W2  e  Q). 

Let  H  =  G  -  l uiu  :  i  =  Q,k]  -  { utut+i  :  i  =  Q,k  -  1 ).  Let  A  be  the  block  of  H  that  contains  uk 
and  let  B  be  the  block  of  H  that  contains  u.  If  there  is  a  block  of  H  that  is  not  B  and  shares  a  cut-ver¬ 


tex  with  A.  then  call  it  C.  Examples  are  given  in  Figures  II.5.26,  II.5.27,  and  II. 5. 28. 


Figure  II. 5. 26:  k-  0  G 
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Figure  IT. 5. 28:  k  =  1 
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Suppose  that  k  =  0.  If  H  has  two  odd  blocks,  then  use  e  u',  march  and  buy.  Hence  we  may 
me  that  ail  blocks  of  H  are  even.  If  H  has  at  most  two  blocks,  then  we  can  start  with  e  and  march 
<  r  ('  to  .  If  H  has  at  least  three  blocks,  then  we  can  start  with  e  — >  u  or  e  — ‘  u  and  use 
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marches  or  (iv)  unless  one  of  the  following  occurs: 


i.  The  cut-vertices  of  H  are  {W2.W4}  and  v  e  { W2,W4. }  _ 

ii.  The  cut -vertices  of  H  are  {w2,iv3,w4)  and  v  =  W3. 

For  k  =  0,  these  are  illustrated  below.  For  either  case,  use  uA  —>  u  u'  and  march  to  v. 


For  k-  1,  these  two  situations  are  illustrated  below. 


Stan  with  — »  uu\.  If  W2  *  u\  (as  in  both  figures),  then  continue  with  iui\,F\  u  A  W2, 

march  through  all  of  the  blocks,  and  buy  at  v.  If  W2  =  u\,  then  A  =  u\u\  (compare  with  Figure 
II. 5. 27).  Continue  with  uu\,F\  — >  uu\,  march  to  u\  and  buy  at  v. 

Case  2  k(F)  =  4 

Suppose  that  k  -  0.  If  H  has  at  most  two  blocks,  then  stan  with  either  e  -4  u  or  e  -4  u  and 
march  from  either  u  or  u  to  v.  Hence  we  may  assume  that  H  has  exactly  three  blocks.  If  all  three 
blocks  are  odd,  then  stan  with  e  — »  u  and  then  march  and  buy.  Hence  exactly  one  of  the  three  blocks 
is  odd.  It  is  easy  to  stan  at  e  and  march  to  v  if  v  e  P1C1.  Hence  we  may  assume  that  v  e  P(C). 

If  A  is  odd,  then  B  and  C  are  even.  Use  e  — *  uA  — *  vv2  and  (iv)  unless  v  =  W2-  If  v  =  wn  and 
w'2  5  T(A  i ,  then  use  e  — *■  u\  and  march  to  v.  The  first  case  for  which  we  must  consider  k  =  1  is: 

i.  h'2,w'3  5  Q,  a  A)  =  1,  El  3)  =  ElC)  =  0.  iv  2  e  77.4),  and  v  =  w’2 


If  B  is  odd,  then  A  and  C  are  even.  Use  e  — »  id*fi  — »  wj  and  (iv)  unless  v  =  W3.  If  v  =  W3  an 
h'3  s  77B),  then  use  e  u.  and  march  to  v.  The  second  case  for  which  we  must  consider  k  =  1  is: 


ii.  vv2,w3  e  Q,  e(A)  =  0,  £(B)  =  I,  efC)  =  0,  W3  s  T(B),  and  v  =  W3 

If  C  is  odd,  then  A  and  B  are  even.  If  v  s  (h^.h^J,  then  start  with  e  and  march  to  v,  finishing 
with  either  v„4  — »  v  or  v£  — ►  v.  The  third  case  for  which  we  must  consider  k  =  1  is: 

lii.  W2, H'3  e  Q,  e(A)  =  e(B)  =  0,  £(C)  =  1.  and  v  €  PlC)  -  [  W2,W3 } 

For  k  =  0,  the  three  “hard”  cases  are  shown  below. 


v  =W2  e  T(A) 


v  =  h'3  e  P(C)  -  {w2,w3 } 
Fieure  II.5.31 


v  =  H'3  €  T(B) 


For  the  first  case,  note  that  u  e  T(A).  Then  for  all  three  hard  cases,  use  uA  — >  u  — >  u' JB 
iv3,C  -»  v. 

Now  suppose  that  k  -  1.  For  the  first  case,  we  have  the  situation  below. 


Figure  II.5.32 

Use  e  — *  i<.M  u  Ffj  -  h>2  — *  x^u \ ,F'  — >  ui  —+  u'.B  — >  wa,  C  — >  v. 

For  the  second  and  third  cases,  first  assume  that  nn  *  i<f.  Use  e.Fi  -*  uwi.Ff  u  A  —> 
wz,C  — >  h'3^S  — >  u'  and  buy  at  v.  If  w-2  =  uf,  then  use  e.F\  — »  F{  — *  uu\.C  — >  W3.S  — ►  u'  and 

buv  at  v. 


I 


/.\V  v  *  1 


Case  3  /uF)  =  3  and  wi  e  Q 

Note  that  eM  i  =  e(B).  If  e<A)  =  1  and  k  =  0,  then  stan  with  e  — »  u  or  e  — >  u‘  and  march  to  v 
unless  v  =  w'2  e  T(A)  n  T(B).  In  this  case,  use  uA  — >  uw2,F  — >  W2u'ji  — >  u'  and  buy  at  v.  If 
eM )  =  1.  =  1,  and  v  =  W2  €  T(A)r\T(B),  then  define  w  by  w  h  W2,  vv  e  FMj,  and  w  * 

«i.  Use  e  — ►  u.M  u  F{)  -  W2  ->  wiw.i'vvw^ui)  — »  F  — »  w2u’,B  — >  m'  and  buy  at  v 

If  ei  A)  =  0,  v  e  P(B),  and  k  =  0,  then  use  uA  uF->  W2  u\B  — >  v.  If  eM;  =  0,v  e  P(B), 
k  =  1,  and  n'2  =  u{,  then  use  ef\  F{  -*  uu{J}  — >  v.  If  eM>  =  0,v  e  FfB),  k  =  1,  and  W2  * 
u{.  then  use  e,Fi  — >  mmi,F{  u  /4  — »  W2,B  — »  v. 

Hence  eM;  =  etSi  =  0  and  v  e  F(14)  -  { W2}.  Let  A'  =  A  -  u^w  2-  Let  A\  be  the  block  of  A' 
that  contains  u *  and  ^2  be  the  block  of  A'  that  contains  W2-  If  there  is  a  block  of  A'  that  is  not  ^2  and 
shares  a  cut-vertex  with  A],  then  call  it  ^3.  We  give  an  example  of  these  definitions  in  Figure  II.5.33. 
Note  that  in  our  example,  k  =  1  and  *2  =  u\  so  that  A  \  is  a  single  edge. 
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Figure  II.5.33 


Case  31  l(F’)  >  4 


Suppose  that  k  -  0.  If  a .<F’)  =  5  or  if  X(F’)  =  4  and  A'  has  two  odd  blocks,  then  use  e,F  u 
B  —*  W2,  march  and  buy.  If  v  €  P(A\),  then  use  e,F  u  B  —>  w 2  and  march  back  to  v.  If  X(F‘)  = 
4.  all  blocks  of  A '  are  even,  v«  P(A\),  and  k  =  0,  then  use  uA  \  —>  u.F  u5-»  vt’2,  and  then  (ii) 
or  (iv). 

Hence  X(F')  =  4,  all  blocks  of  A'  are  even,  v  €  P(A\),  and  k  >  0.  We  will  start  the  remaining 
procedures  of  Case  31  with  e  and  therefore  we  may  assume  that  k  =  1. 

Case  311  ,t2  =  u{  (See  Figure  II. 5. 33) 

If  ,t3  €  P<G  k  then  A 3  exists.  Then  if  v  €  P(A z.h  use  e  —>  uA 3  l;  Ff  — *  u\,F  v_'  B  — * 

•v2,,4 2  — *  v.  If  vs  P(A 3;  -  (.1:3).  then  use  e  —*  u',F  o  B  —  ^2-^2  — •  F{  —  v. 
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If  x}  e  P(G),  then  use  e  — »  u',F  uB-»  wzAl  ^  Pi  — »  v- 


Case  312  x2  *  u{ 

Note  that  since  el  A \)  =  0,  we  cannot  have  *3  =  u{.  Hence  we  may  use  ej7 1  -»  u 

Ff  ui  -»  w2Ji  ->  W2  and  then  (ii)  or  (iv). 

Case  32  X(F')  =  3 

Suppose  that  k  =  0.  If  *2  e  P(G)  or  if  xz  e  F(G)  and  v  €  PMi)  -  {.t2h  then  use  eJF  uB-» 
w'2  and  march  to  v.  Hence  we  may  assume  that  *2  e  P(G)  and  v  e  P{Az).  Note  that  A  \  *  Az  and 
e(A\)  =  1  -  e(A2). 

If  u  6  T(Ai),  then  x2  e  T(A\)  and  e(A2)  =  0  and  we  can  therefore  use  e,F  u  B  — >  w2  and  (iv). 
If  u  e  T(A\)  and  k  =  0,  then  use  uA\  — >  uj7  u  B  -»  w2^2  — »  v.  Hence  x2  €  Q,ve 
P(Az),Uk  «  7YAi),  and  /t  >  0.  We  will  start  the  remaining  procedures  of  Case  32  with  e  and  so  we 
may  assume  that  k  =  1.  Therefore  this  summary  reduces  to: 

a?  e  P(G)  {m{ },  v  €  P(A2),  hi  €  TMi),  and  k  -  1. 

Case  321  a  2  =  u{ 

If  w  2  s  T(Az)<  then  define  vvby  wh  W2,  w  *  u\,  and  w  e  PM2).  This  is  illustrated  below. 


If  v  *  w2,  then  use  e,F\  F  —>  F'  —>  (u\ww2)  — >  ui'w„42  -  w2  -4  v  and  then  buy  at  u'  to 
finish  with  u'J3u'™2  — ►  wn.  If  v  =  W2,  then  use  the  above  procedure  except  that  it  is  immaterial 
where  the  first  sequence  ends  and,  if  X(B)  =  2,  then  the  second  sequence  is  replaced  by  “buy  at  v.” 

If  w'2  €  77.4 z),  then  use  e.F\  — ►  F  — »  F'  — *  u\w2Az  W2J3“'W2  — >  and  buy  at  v.  The 
last  step  before  the  purchase  at  v  is  unnecessary  and  unavailable  if  X(B )  =  2. 

Case  322  x2  *  u\ 

First  assume  that  eiA  \)  =  1.  If.o€  T(A\),  then  define  .t  by  .r  x2,  x  *  u\,  and  x  <=  P(A\). 
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Use  e  — >  u..4i  u  F{  -  .X2  -4  xu\,(xzu\x)  — >  xzu\,B  xj  F  <j  A  2  u  F'  -4  v.  If  X2  <£  774  i  j  then, 
since  eM2j  =  0,  we  can  use  e.F\  —*  u\u',F  u  B  — >  wz  and  (iv). 

If  eMjt  =  0,  then  use  e.F\  -4  uu\,F\  u  A\  — »  /<i  —>  wz*B  -4  W2,A2  -4  v. 

The  remaining  main  cases  correspond  to  terminating  Algorithm  II.5.8  because  F'  is  irregular.  The 
ways  for  this  to  happen  are  7 i(F')  =  5,  X(F')  =  4  or  X(F')  =  3  and  *2  s  Q.  We  will  split  the  last  one 
into  two  cases  and  these  will  be  defined  later.  Since  F’  is  the  reason  that  Algorithm  II.5.8  terminated, 
hF)  =  3  and  that  W2  e  Q. 

It  is  convenient  at  this  time  to  let  FI,  A,  B  and  C  denote  graphs  or  sections  other  than  what  they  did 
during  the  first  three  cases.  These  graphs  will  play  essentially  the  same  role  as  their  namesakes  above. 
Let  H  =  G-{  uiu' :  i  =  0.k}  -  {«t£<i+i  :  i  ~  Q,k  -  1 )  -  z-  Let  A  be  the  block  of  H  that  contains 
wK  and  B  be  the  block  of  H  that  contains  W2-  We  give  an  example  of  G  and  FI  below.  In  this  example. 


Figure  II.5.35  G 


Cased  X<F')=5 

Suppose  that  k  =  0.  If  no  .tj  is  in  P(G),  then  use  e,F  -4  wzu\H  — *  y  for  some  y  e  P(G)  and 
then  buy  at  v.  Hence  some  .x,  e  P(G).  Let  .x  be  the  cut-venex  in  H  that  is  in  B.  If  .x  =  xu.  then  use 
el  — >  wzu'.B  -4  .x,  march  to  u,  and  buy  at  v.  Hence  ,xa  €  P(G).  If  v  €  P(B)  -  {.x ) ,  then  start 
with  e  -4  u(wz)  and  march  to  v.  Otherwise  use  e,F  -4  u’wzJB  — »  y  for  some  y  €  P(B),  buy  at  u  or 
.x,  and  march  to  v. 

Case  5  XlF')  -  4 

Suppose  that  k  =  0.  If  no  x(  is  in  P(Gi,  then  use  e.F  —>  w zu'.H  —+  v.  Hence  we  may  assume 
that  some  x,  s  P'G\.  Note  that  FI  has  an  even  number  of  odd  blocks. 

Case  51  x-,  •=  Q 


Suppose  that  k  =  0.  If  H  has  an  odd  block,  then  use  e,F  — >  wnzz'.B  -4  x 3,  march  and  buy. 
Hence  /■/  has  no  odd  blocks.  Note  that  this  means  that  *3  *  to,  for  that  would  force  \(A)  =  3. 
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Case  511  *2  *  Q 

If  v  s  P(A)  and  k-  0,  then  use  e,F  — >  1V2 u',B  -4  *3, A  -4  v.  If  v  €  P(B),  and  k  =  0,  then 
use  zz,A  -4  11JB  kj  F  -4  v.  If  v  e  P(B),  and  £  =  1,  then  use  e.Fj  -4  uu\,F{  u  <4  -4  mi  -4 
w'2,5  — »  v. 

Case  512  *2  e  (2 

Suppose  that  k  =  0.  If  v  e  P(B),  then  use  ef  -4  w2tz',B  ->  .X3  and  (iv).  We  must  consider 
separate  levels  if  v  e  P(B).  If  k  =  0  and  v  *  .X3,  then  use  uA  -4  .X2,C  — *  .X3 ,B  u  F  — »  v.  If  &  = 
0  and  v  =  .X3,  then  use  zz,A  -4  zz,B  F  —>  X2,C  -4  .X3. 

Now  suppose  that  k  =  1.  All  remaining  procedures  of  Case  512  will  start  with  e  and  therefore  we 
do  not  need  to  consider  more  levels.  If  X2  =  u{,  then  unless  v  =  x$  e  T(B  F),  use  e  -4  uA  u 
F i  -*  uf  4v.  For  this  exceptional  case,  define  .x  by  x  <4  *3,  .x  *  W2,  and  .x  s  P(B)  and 
then  use  e  -4  ii(u\)J3  -  .X3  -4  vv2.x,(vv2.x.X3)  -4  w2  -4  uiJ^i  -4  ztzz{,A  -4  v. 

If  ,X2  *  u\,  then  use  e.F\  -4  uu\rF\  u.4  4  «i  4  \V2  and  then  (iv). 

Case  52  .X3  €  Q 

If  ,X2  €  Q,  then  H  has  just  the  two  blocksA  and  B  and  they  have  the  same  parity.  Suppose  that 
eiA)  -  1  and  k  =  0.  If  v  €  P(A ),  then  use  e,F  -4  wzu’M  -4  y  for  some  y  s  B.  Then  buy  at  zz  or 
.X2  to  end  at  v.  If  v  €  P(A),  then  use  e  -4  u(w2)A  -4  X2,B  — »  v. 

Hence  e(A)  =  e(B)  =  0.  If  k  =  0  and  v  e  B(A),  then  use  e.F  -4  w2 u’JB  -4  *2, A  -4  v. 

The  only  remaining  subcase  of  Case  52  (and  Case  5)  is  .X2  €  Q,  .X3  €  Q ,  e(A)  -  e(B)  =  0,  and 
v  €  />^Bj-{w2).  If  k  =  0,  then  use  uA  -4  u,B  u  F  -4  v.  We  will  now  need  to  consider  £  =  1 
and.  for  some  subcases,  k  =  2. 

Suppose  that  k  =  1.  If  ,X2  *  zzf,  then  use  e.F\  -4  uu\A  ^  -4  zzi  — ►  vv2,B  — *  v.  Hence  we 

may  assume  that  ,X2  =  zz£. 

Note  that  A  =  zz*.x 2  and  that  B  is  “most  of  the  graph."  Let  T  =  0(uk-\uii-Fk  ).  Define  >2,  >'3.... 
by  T  =  ^zzfc.iy2y3...zzt).  Let  J  =  G-{zzt:  z.  =  L^j-fe.zzfc.izztJ.  Let  B\  be  the  block  of  J  that  contains 
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u/q.  i,  Bz  be  the  block  of  J  that  contains  z*.  and  if  there  is  a  block  of  J  that  is  not  equal  to  B\  and  shares 
a  cut-vertex  with  B\,  call  it  fit.  We  use  the  notations  B\,  fi:,  and  fi}  since  we  are  breaking  up  fi. 
These  ideas  are  illustrated  below.  For  this  example,  X(T)  =  4. 

®y~>/  ui  /  \ 

f\  ^  1 

vl  J 

\jhyu  u' 

Figure  II.5.36  G  J 

Case  521  k(T)  >  4,  k  >  1 

All  algorithms  of  Case  521  start  with  e  and  so  we  do  not  need  to  consider  higher  values  of  k. 

If  we  stan  with  e  -*  uf  \  -»  uu{,  we  have  a  current  profit  of  zero,  the  remaining  graph  is  a 
block,  and  we  are  staning  at  an  edge  of  its  unbounded  face.  Hence  we  need  only  consider  the 
subcases  of  Cases  1  and  2  for  which  we  needed  to  consider  values  of  k  other  than  0.  For  k  =  0,  all  of 
these  subcases'  solutions  stoned  with  "uA  —>  u —*  u\"  If  we  replace  that  by  e  — *■  uJ3\  — ►  uf\  — > 
u{,  we  have  the  same  situation.  Hence  we  can  always  stan  with  e. 

We  give  an  example  of  these  parallel  problems  below. 
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V  =  W4  s  77  fi ) 
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v’  =  vt  g  77fi->  u  F ) 


Figure  II.5.37 

Recall  that  the  procedure  for  the  first  graph  of  Figure  II. 5. 37  is  uA  —*  u  — >  u£  — »  wa.C  — »  v.  In 
its  place,  we  use  e  — >  zz.fi  t  — *  zt.F{  — *  V -5 2  F  — >  y3,fij  — »  v  for  the  second  graph  of  Figure 

II. 5. 37. 

The  reader  might  wonder  why  this  approach  does  not  work  if  X (T)  =  3  / Case  522  below).  The 


reason  is  that  in  the  procedures  of  the  first  two  main  cases,  the  edge  uu'  is  not  pan  of  a  3-gon  and  so  is 
accounted  for  by  u  — »  u  or  u(u').  These  can  be  replaced  by  u,F\  — »  or  u,F[  — >  u.  Comparing 
these  two  algorithms,  one  can  say  that  uu’  of  the  first  two  main  cases  is  “similar”  to  F\  of  Case  521. 
But  if  k(F \)  =  3,  then  uu’  might  be  represented  as  part  of  a  3-gon  and  there  is  no  convenient  way  of 
transforming  such  an  procedure  to  one  for  Case  522  and  gaining  a  unit  of  profit  from  F{. 

Case  522  X(T)  =  3,  k  >  1 

Suppose  that  k  =  1.  If  vj  =  uq  and  v  *  u,  then  start  with  e  — ►  u.F{  — >  T  — »  uou{.  The 
remaining  graph  is  an  even  block  and  so  we  can  start  from  the  edge  and  end  at  v.  If  V2  =  no  and 
v  =  u,  then  use  e,F\  — »  F{  — >  u\  — »  w^J-u  —>  uq  u.  If  V2  =  then  uu’  is  a  multiple  edge.  If 

\'2  =  .t3,  then  use  e,F\  — »  F{  — >  T  — >  uxiJ-u{  — »  — ►  wj  and  buy  at  v.  If y2  =  W2,  then  the 

penmeter  of  B 2  is  2).  We  illustrate  this  below;  note  that  we  had  to  contort  our  diagram 

extensively  to  maintain  the  straight  lines  for  edges. 


We  now  resume  the  assumption  that  k  =  1.  If  v  e  P(B\),  then  unless  v  =  e  T(B\),  use 
e.F  \  — »  F{  — ►  iij  — *  W2*Bz  — >  >’2.5 1  — *  v.  If  >2  e  T{B\),  then  we  can  use  e  — >  u,B\  — » 

(i,F{  — »  t<i^2  vj  F  — »  v  for  any  v  e  P(B2)- 

Hence  vs  P(Bi)-  {>*2 } - 

If  z(B\)  -  1,  then  use  e  — »  u,F{  — »  m,Bi  — »  y2.  What's  left  is  an  odd  block  and  we  are  starting 
at  the  vertex  v->,  a  vertex  that  we  do  not  need  to  worrv  about  ending  at. 

Hence  e(B\)  =  0. 

If  k  =  I,  then  start  with  uJ3 \uy2  — >  vj.  Again  we  are  left  with  an  odd  block  and  we  are  starting 
at  >2.  Note  that  the  first  step  of  the  algorithm  is  justified  since  X(B \)  >  4  and  this  is  known  because 
>2  *  u0-  If  k  =  2,  note  that  >2  *  u\.  Start  with  e,F\  — »  uu\J$\  u  F{  —►>2.  Again  we  are  left  with 
an  odd  block  and  we  are  starting  at  >2. 

We  are  left  to  consider  'k(F')  =  3.  Recall  that  H  =  G  -  {«,•«' :  i  =  0,k}  -  i  :  /  =  0,/:  - 
1 }  -  t<£W2,  A  is  the  block  of  H  that  contains  u k,  and  that  B  is  the  block  of  H  that  contains  W2.  It  is 
convenient  to  immediately  split  this  case  into  the  two  cases  *2  *  and  *2  =  m*. 

Case  6  \<F’)  =  3  and  *2  *  uk 

Suppose  that  k  =  0.  Note  that  *2  *  11  since  we  have  no  multiple  edges.  Hence  k(B)  >  3.  If 
v  s  PfA).  then  unless  v  =  .0  e  T(A>,  use  e.F  — »  wzu\B  -*  *2, A  — »  v. 

For  this  exceptional  case,  if  k  =  0,  then  use  uA  ufi-»v.  If  &  =  1,  then  use  e.Fj  -» 

uu\,F\  ’w1  A  — >  xzu[,F'  kj  B 2  — »  v.  Note  that  the  step  uA  .t2t<i’’  is  our  first  use  of 

(iii). 

Hence  v  g  F75;  -  {.r2 } -  Note  that  £(A)  =  1  -  e(B). 

If  k-  0  and  eMj  =  0,  then  stan  with  uA1**-,  — »  *2-  The  remaining  graph  is  a  block  and  we  are 
now  starting  at  the  vertex  ,t2.  If  k  =  0  and  E(A)  =  1.  then  stan  with  uA  -*•  ,t2-  Exactly  the  same  sit¬ 
uation  as  before  now  exists. 

If  k  =  1  and  eMJ  =  0.  then  start  with  e.F  1  — *  uuiJ7  {  uA->«]  — »  W2.  The  remaining  graph 
is  an  odd  block  but  we  are  now  staning  at  a  vertex  that  we  do  not  need  to  be  able  to  end  at.  If  A:  =  1 
and  Z(A)  =  1.  then  start  with  e.F \  — >  uu\,F\  \j  A  — •  X2U\.F'  —¥  .X2VV2-  We  are  now  staning  at  the 


edge  .*:vv2  but  the  remaining  graph  is  even. 

Case  7  'a(F')  =  3  and  *2  =  Uk 

Suppose  that  k  -  0.  If  v  =  u.  then  use  e,F  — *  vv2 u',G  -  u  — >  iiq  — >  u.  Otherwise,  we  apply 
(vii)  after  e,F  1*6^2  unless  (m'h^.h^uo.W  is  a  difficult  triple  of  G  -  u. 

Hence  we  have  a  difficult  triple.  This  is  the  most  difficult  pan  of  the  proof.  We  will  now  fre¬ 
quently  redefine  H ,  A ,  5,  and  C.  We  classify  difficult  triples  as  type  i.  or  type  ii..  Type  i.  difficult 
triples  are  the  ones  that  have  a  4-gon  (see  the  definition  of  difficult  triple). 

Case  7 1  Difficult  triple  type  i. 

We  must  resort  to  considering  levels  k  =  0,  1,  and  2.  Define  sections  A  and  B,  as  well  as  the 
vertex  y  that  they  have  in  common  as  in  Figures  11.5.40(a),  11.5.40(b),  and  11.5.40(c). 


v 


k  =  0  k =  1  k-  2 

Figure  11.5.40(a)  Figure  11.5.40(b)  Figure  11.5.40(c) 


If  k  =  0,  then  use  u<iiq),F  -»  u'.B  ->  y,A  ->  v.  If  k  =  1,  then  use  u^\  —>  xzwzFi  -*  F 
Fl  -»  u'J3  v  and  buy  at  v:  If  =  2,  then  use  e  -»  «',B  ^  u',F  Fz  Fj  u\un,A  u 
F{  -4  v. 

Case  72  Difficult  triple  type  ii. 

We  immediately  separate  into  cases  for  levels  0.  1,  and  2  and  we  define  H ,  A.  and  B  for  each  of 
these.  In  fact  we  make  very  sporadic  use  of  the  fact  that  (u'w 2.w2»f,v)  is  a  difficult  triple  of  G  - 

Uo . a*}. 

Case  721  k  =  0 

Let  T  =  /w’2 u'y)  =  O(wzu'.F).  Because  F  and  F'  are  symmetric  with  respect  to  u.  we  may  as¬ 
sume  that  T  =  Ont)wz,F')  is  a  3-gon  u^wzyl.  Let  H  =  G  -Ei'F)  -E(F')  and  let  ,4.  B.  and  C  be  the 


blocks  of  H  that  contain  n jv\  y'w2,  and  yu  respectively.  Except  H,  each  of  these  concepts  is  illus¬ 
trated  below. 
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Figure  II.5.41 

Since  both  (u'w 2,w2u6*v)  and  (uow2,w2u',v)  are  difficult  triples  of  G  -  u,  A  and  C  are  even  and 
v  €  PiB)  -  {>•,>■'}.  Let  T"  =  Ofy’wnT). 

If  k(T")  >  4,  then  start  with  eJF  — >  F‘  — *  uqwzA  uf-»  >•'.  Then  march  through  the  blocks 
of  B  -y'w 2  to  y.  This  is  possible  since  y  is  in  the  last  block  of  the  march  and  either  y  is  not  equal  to 
the  cut-vertex  between  the  last  two  blocks  or  the  outside  face  of  the  last  block  has  length  at  most  four 
by  Lemma  U.5.7.  The  march,  togerher  with  T"  will  gain  one  more.  Finish  with  y,C  u  and  buy  at 

v. 

If  \<T")  =  3,  then  define  y"  by  T"  =  (y'wjy").  If  y"  e  P(B),  then  start  with  e  u.F’ 
lu)W2,A  T’  — »  y'.  What’s  left  is  an  odd  block  and,  since  v  *  v\  we  can  finish  at  v.  If  y"  =  y, 
then  use  e  — *  u’.T  u  C  — »  W2,F'  — »  uqw2,A  kj  T'  y\B  -  — >  v. 

Hence  we  may  assume  that  y"  e  FVSj  -  {>■'}.  Let  B\  be  the  block  of  B  -  wny'  that  contains  y' 
and  be  the  block  of  B  -  w^y'  that  contains  v.  Note  that  z(B\)  =  efS:).  This  is  illustrated  below: 


(B,/ 

^  J 

/ 

V 

Uq  u  u 
Figure  II.5.42 

If  E(B\j  =  1.  then  use  e  — >  u’.T  kj  C  — *  w^y.B 2y" -B \  — ►  y\A  u  I'  -*  ik)W2,F'  — *  u  and  buv 
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If  Z(B\)  =  0  and  A  *  z«jv',  then  use  e  -4  u',C  <j  T  —*  w^y.Bi  — >  wn y",T"  — »  7'  — >  F’  — » 
z<0^u'®''  — *■  y\Bi>'7"  — »  v"  and  buy  at  v.  The  last  step  is  unnecessary  and  unavailable  if  X(B\)  =  2. 


o 

ViS 


If  £(B i)  =  0  and  A  =  zgy\  then  use  e,F  — *  F'  — »  T'  -4  wry',T"  u  B\  — >  y"JB 2-v"vv2  -4 
v,C  -4  u'  and  buy  at  v 

Case  722  k  =  1 

For  this  case,  we  ignore  almost  everything  that  we  now  know  about  the  graph  and  pursue  an  en¬ 
tirely  different  line  that  involves  a  different  difficult  triple. 

Use  eJF\  — ►  F\  — »  F'  — »  and  then  (vii)  unless  (uui,u{w2,v)  is  a  difficult  triple  of  G  - 
zzi  -  e.  Let  T  -  0( uu\,F\).  Let  H  -  G  -  u\  -  {zzzz{,e},/4  be  the  block  of  H  that  contains  u,  and  B  be 
the  block  of  H  that  contains  u\.  Let  y  be  the  cut-vertex  between  A  and  B.  Note  that  v  <=  PiB)  -  {>  }. 

If  hT)  =  4,  then  start  with  uA  -*  y.  The  rest  of  the  graph  is  a  block  and  we  are  starting  at  the 
vertex  v. 

If  }JT)  =  3,  then  use  u.A  -4  u,F{  — *  Ft  -4  F  — »  u'w2J3  -4  v. 

Case  723  k  =  2 

For  this  case,  we  will  use  a  sequence  of  up  to  three  difficult  triples  to  “box  in”  v  until  we  have 
identified  enough  of  the  graph  to  write  down  procedures  for  the  remaining  cases. 

We  start  by  using  eS\  -4  F2  —*  Fj.  —■ ►  F ’  — »  wyzo  and  (vii)  unless  (u\in, 112^2, v)  is  a  difficult 
triple  of  G  -  E(F\)  -  zn.  Let  T  =  OfuiiF.Fi)-  Let  H  =  G  -  £('/ri)  -  zn  -  zzjzn,  ,4  be  the  block  of  // 
that  contains  zzj.  and  5  be  the  block  of  H  that  contains  in.  Let  v  be  the  cut-vertex  between  A  and  B. 
Note  that  v  €  P(B)  -  (v).  Examples  corresponding  to  the  types  of  difficult  triples  are  shown  below. 


(eA  M 


Figure  II. 5.43 

If  h  T)  =  4  and  y  =  zzf,  then  use  e.F\  — * «  ff  -4  ztzq.S  uF:uruF-v.  If  a.z  T)  -  4  and 


w. 


« 

I 


v  *  u  (,  then  use  e,F\  — »  uu\,A  vj  F{  — »  y,B  Fi  kj  F'  F  v .  If  X(T)  -  3  and  y  *  uj , 
then  use  the  same  procedure.  Hence  we  may  assume  that  X(T)  =  3  and  y  =  ui-  This  is  shown  be- 


Figure  II.5.44 

We  know  from  the  definition  of  case  72  that  (u’w2,w2U2,v)  is  a  type  ii.  difficult  triple  of  G  -  u 2 
E(F\).  Let  T'  =  Oiu'w^yF)-  Again  we  redefine  A  and  B.  At  this  point,  it  is  simpler  to  appeal  to 
diagrams  for  the  definitions  of  the  face  T  and  the  sections  A  and  B.  These  definitions,  together  with 
the  definition  of  the  vertex  z  are  given  in  Figure  IL5.45. 


Figure  II.5.45 

Note  that  v  <=  P(A),  as  indicated  in  Figure  II.5.45  and  X(T')  =  3.  Use  ej7 1  u'JB' 
u'.F  — *  F'  — *  Fi  — >  T  — »  u\ui  and  (vii)  unless  (w2Lii,uiu\,v)  is  a  difficult  triple  of  A.  Therefore, 
we  have  either  Figure  11.5.46(a)  or  Figure  11.5.46(b),  again  using  the  diagrams  to  define  A\,  .4;.  and 


At  this  point,  v  has  exhausted  all  of  its  hiding  places.  Note  that must  be  in  P^G  • 
relative  positions  of  v  and  z'  and  the  fact  that  v  s  PiG).  For  either  case,  start  a  n.n  t\,; 
:.A  2  — *  w'2 ,F  — *  F'  — >  Fi  — *  T  — ►  truf.  For  Figure  11.5.46(a),  f.msh  -A-m  r  , 

z"  and  buv  at  v.  For  Fisure  11.5.46(b),  finish  with  iru\  —  v.  a 
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Figure  11.5.46(a) 


Figure  11.5.46(b) 


We  have  now  established  each  of  the  induction  steps  of  Theorem  II.5.5  and  have  therefore  com¬ 
pleted  the  proofs  of  Theorem  II.5.5,  Lemma  II.5.2,  and  Theorem  11.5.1.* 

As  another  application  of  profitable  representations,  we  now  show  how  they  can  be  used  for 
proving  the  bound  for  2-connected  outerpianar  graphs  (See  Theorem  II.4.4).  Suppose  that  G  is 
2-connected  and  outerpianar  and  let  R  be  a  profitable  representation.  From  (II.5.5b)  and  X(G)  = 
n(G),  we  have  2((2n(G)  -  3)  -  Ifll)  =  p(R)  +  n  -  4  and,  because  n  is  odd  implies  that  p(R)  £  1,  we 
also  have  2 MG)  -  3  -  \R\  >  L  J  or  \R\  <,  2 n(G)  -  3  -  (fn(G)/2l  -  2)  <  L3n(C)/2j  -  1. 

6.  Connected  Graphs 

In  §11.6,  we  establish  bounds  on  /  and  (3  for  connected  graphs  in  terms  of  n.  In  particular,  we 
prove  the  following  theorem. 

Theorem  II.6.I.  For  any  connected  graph  G  with  n  vertices,  where  n  >  4,  we  have  the  follow¬ 
ing: 

(i)  If  G  =  Klnl21rnl2',  then  1(G)  =  U2/4 J  +1.  If  G  s  {^4^5  L  then  I3(G)  =  U:/4j  +  1. 

(ii)  If  G  «  { K4jC5,Kin/2}rnrl] ) ,  then  h(G)  <  U2/4_|. 

Moreover,  for  any  n  >  4,  there  exists  a  graph  G'with  n  vertices  for  which  KG’ )  =  ln2/-i]  and  so  (ii) 
is  best  possible. 

Proof.  For  the  first  assertion  of  (i),  it  is  clear  that  t(K  =  S‘nce  np  'fn/'1] is  tri* 

angle-free.  KK.  n/2Urn/zV  =  ^ ^  n/Z^n/zV  ~  m  ~  *  =  nl 2l  +  1  =  Ln2/'4)J  -  1.  The  second 

assertion  of  ( i)  be  verified  directly. 

By  removing  one  edge  from  K,  n,n  we  obtain  a  graph  that  demonstrates  the  last  statement  in 


the  theorem. 


For  (ii),  we  use  induction  on  n.  Because  of  the  nature  of  the  proof,  we  must  verify  n  =  4  and 
n  =  5  for  our  basis  case  and  we  do  this  by  finding  representations  for  each  graph  with  four  or  five 
vertices. 

Now  suppose  that  G  *  ^rt/2jfn/2l  that  n  >6.  If  G  s  then  we  use  one  of  the  rep¬ 

resentations  in  Figure  II.6.2 


Figure  11.6.2(a) 


Figure  11.6.2(b) 

If  G  <t  [K4,K$,K6,KjJ(^n/2  ifrt/2)}*  then,  there  is  an  edge  uv  such  that  G  -  {u,v}  e 

{K  4,1(5 ,K\jnm2 )/2\( (n~2)/2\ ^  and’  by  induction,  [Ii(G  -  {«,v})  <  L -J  =  Ln2/4j  -  (n  -  1).  Let 

H  =  G  -  {u,v}.  We  will  be  done  if  we  can  prove: 

13(G)  <  13(H)  +  (n  -  1)  (II. 6.1) 

Let  R'  be  an  optimal  depth-3  representation  for  H  and  let  w  and  x  be  the  vertices  that  correspond  to 
the  first  two  intervals  of  R\  The  situation  is  depicted  below. 


Figure  II.6.3:  R' 


We  adjust  R'  to  form  a  representation  R"  of  H  u  {uz  :  ze  Nq(u)\  kj  (va  :  z  €  Af(;(v,)}.  Seven 
cases  and  the  corresponding  adjustments  are  shown  in  Figure  II.6.4.  Any  other  case  can  be  reduced  to 
one  of  the  above  seven  by  exchanging  the  roles  of  u  and  v  and/or  of  w  and  x. 

For  each  possible  representation  R".  I/?"!  <  I/?1  +  3  =  Iz(H)  +  3.  Moreover,  there  is  a  displayed 
w-interval  du,  a  displayed  v-interval  0V.  and  an  intersection  9UV  of  some  ^-interval  and  some  v-interal 
that  intersects  no  other  interval.  For  each  v  e  place  a  small  y-interval  inside  9^,  0V,  or 

9UV,  depending  on  whether  y  is  adjacent  to  u  but  not  v,  y  is  adjacent  to  v  but  not  u.  or  y  is  adjacent  to 


both  u  and  v.  If  y  is  not  adjacent  to  either  u  or  v.  then  do  not  add  any  y-interval.  Call  the  resultins 
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representation  R.  By  this  construction,  \R\  $  (12(H)  +  3)  +  n  -  4  =  12(H)  +  (n  -  1).  Hence,  we 
have  established  (II.6.1).a 


v _  v 


U  >  XV ,  U  X  U  XV,  U  X  U  W,  U  <r->  X 

v  xv,  v  x  v  w,  v  x  v  w,  v  . x 


v _ jc _  v  _  x 


U  XV,  U  X  U  <r±  XV ,  ll  <?fr  X 

V  <r*  XV ,  V  X  V  XV ,  V  <r+  X 


U  XV  ,  11  *rb  X 
V  4t4  XV,  V  *rb  X 


U  XV,  ll  X 

V  W,  V  <7T>  X 


Figure  II.6.4 
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III.  THE  TOTAL  INTERVAL  NUMBER  AND  THE  NUMBER  OF  EDGES 
1 .  Preliminary  Results 

In  §m,  we  consider  bounds  on  the  total  interval  number  in  terms  of  the  number  of  edges  of  a 
graph.  For  all  classes  in  §HI  for  which  we  establish  a  best  possible  upper  bound,  there  exist  triangle- 
free  extremal  graphs.  Therefore,  h  is  very  important  and  we  will  rely  heavily  on  trail  covers. 

When  there  are  no  restrictions  on  the  graphs,  it  is  easy  to  see  that,  given  m,  the  only  graph  with  m 
edges  that  requires  one  trail  per  edge  is  m  copies  of  Kz.  Hence,  for  all  graphs,  /  <  I2  £  2m  and  I2  = 
2m  only  for  m  copies  of  Kz- 

We  now  establish  the  bound  for  connected  graphs.  Recall  the  set  ?  of  graphs  of  §11.1.  It  is  clear 


that  if  G  €  ?,  then  1(G)  - 


5  m(G)  +  2 


Theorem  II1.1.I.  If  G  is  connected,  m(G)  >  1,  and  G  e  P,  then  Iz(G)  < 


5  m(G)  +  2 


Proof.  Let  G  be  a  connected  graph  that  is  not  in  ?.  If  G  is  a  tree,  then  the  result  follows  from 
Corollary  II.  1.12  and  the  remarks  following  it.  Hence  we  may  assume  that  G  has  a  cycle.  If  it  has 
two  or  more  cycles,  then  choose  any  edge  that  is  in  a  cycle  and  snip  (Lemma  I.6.2(iii))  it.  The  number 
of  cycles  decreases,  the  number  of  edges  remains  the  same,  and  the  trail  cover  number  does  not  de¬ 
crease.  Hence  we  may  assume  that  G  has  exactly  one  cycle  C  and  that  if  we  snip  any  edge  of  the  cy¬ 
cle,  we  obtain  a  member  of  ?.  For  example,  if  m(G)  =  10,  then  G  must  be  one  of  the  graphs  below. 


'TTh 


■  L  Li 


Figure  III.  1.1 

For  such  graphs,  we  have  t  =  1  +  ~  —  and  hence  /?  =  j -  .  * 

We  can  modify  the  proofs  of  Corollary  n.l.  12  and  Theorem  III.  1.1  to  show  that,  given  m .  the 
only  graphs  with  m  edges  for  which  /  = — ^ - are  trees  that  arise  from  subdividing  one  edge  of 


the  member  of?  that  has  m  -  1  edges,  or  are  trees  formed  by  two  augmentations  at  black  vertices  and 
m  -  11 

— j - augmentations  at  white  vertices. 


mm 


2 .  Classes  Defined  by  Minimum  Degree 

In  §111.2,  we  show  how  placing  a  lower  bound  on  8  tends  to  decrease  the  maximum  value  of  //m. 
The  proof  of  the  best  possible  bound  seems  quite  difficult  for  8  k  d  for  dk  3.  We  will  concentrate  on 
requiring  8^2,  where  we  have  a  complete  solution. 

Theorem  III.2.1.  If  G  is  not  a  4-cycle,  a  5-cycle,  or  a  6-cycle,  and  8(G)  >  2,  then  1(G)  £ 

"•  Furthermore,  for  any  m>  8,  there  exists  a  graph  G  with  m  edges  for  which  1(G)  = 

L  — — -J  and  so  the  result  is  best  possible. 

Let /(G)  =  9 m(G)  -  87(G)  +  1.  We  will  prove  an  equivalent  version  of  Theorem  III.2.1  that  we 
call  Theorem  111.2.1'. 

Theorem  111.2.1’.  If  G  is  not  a  4-cycle,  a  5-cycle,  or  a  6-cycle,  and  8(G)  >  2,  then /(G)  >  0. 
Furthermore,  for  any  m  £  8,  there  exists  a  graph  G  with  m  edges  for  which  0  </(G)  <  8  and  so  the 
result  is  best  possible. 

We  first  give  the  extremal  graphs  that  show  that  Theorem  III.  1.1’  is  best  possible.  A  (l,3)-tree  is 
a  tree  for  which  each  vertex  is  of  degree  1  or  3.  Let  G'  be  a  (l,3)-tree,  be  the  number  of  leaves, 
and  /13  be  the  number  of  branchpoints.  Since  m(G')  =  n\(G)  +  /13(G)  -  1,  there  are  /ij  leaf-edges  and 
n 3  -  1  edges  between  branchpoints.  Hence  if  we  add  isolated  4-cycles  at  each  leaf  and  twice  subdivide 


the  edges  between  the  vertices  of  degree  3,  we  get  a  graph  G  that  satisfies: 
m(G)  =  3(/i3(G)  -  1)  +  5n\(G) 


(III.2.1) 


The  trail  cover  number  of  G  is  the  same  as  the  trail  partition  number  and  this  is  half  the  number  of 
odd  vertices.  Hence  we  have: 


t(G)  = 


n\<G)  *■  nz<G) 


(III.2.2) 


Counting  the  edges  of  G'  by  m(G)  = 
n\(G)  -  nyG)  =  2 


/t]  +  ,?/n 


and  also  m(G)  =  /11(G)  +  /13(G)  -  l,  we  get: 


(III.2.3) 


Combining  (III. 2.1),  (III. 2.2),  and  (III. 2. 3),  we  see  that  8r(G)  -  l  =  m(G>.  Subdividing  any 
edge  up  to  seven  times  gives  graphs  in  the  other  residue  classes  of  eight  for  which  the  bound  of 
Theorem  III. 2.1’  is  sharp. 
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Most  of  the  rest  of  §111.2  is  devoted  to  establishing  the  upper  bound  of  Theorem  111.2.1'.  For  any 
graph  G  we  color  the  edges  and  define  the  cut-graph  K(G )  as  follows.  Color  all  cut-edges  red  and 
the  other  edges  blue.  Let  Gr  (G&)  be  the  subgraph  of  G  that  is  induced  by  the  red  (blue)  edges.  Let 
K(G)  be  the  intersection  graph  of  the  vertex  sets  of  the  components  of  Gr  and  Gb-  We  will  soon  see 
that  a  red  component  and  a  blue  component  intersect  in  at  most  one  vertex.  Therefore  it  doesn’t  matter 
if  we  define  K(G)  as  a  simple  graph  (as  we  have)  or  if  we  define  an  edge  for  each  member  of  the 
intersection  between  sets. 

For  X  €  V(K(G)),  we  will  use  “X”  to  refer  to  either  the  vertex  in  K(G)  or  the  subgraph  of  G  that 
is  induced  by  the  vertices  of  X.  If  X  Y  in  K(G),  then  select  q(X,Y)  e  V(X)  n  V(Y).  If  we 
want  to  distinguish  which  graph  we  are  considering  when  applying  q,  we  will  use  a  subscript 
(e.g.<7C)- 

For  the  reader  that  is  familiar  with  other  intersection  graphs  (e.g.  the  block  cut-vertex  tree),  the 
proof  that  K(G)  is  a  tree  is  routine.  We  write  it  out  here. 

If  X  corresponds  to  a  red  (blue)  component,  then  color  X  red  (blue).  This  coloring  of  the  cut- 
graph  is  called  the  canonical  coloring.  A  coloring  of  any  graph  is  called  proper  if  X  Y  imples 
that  X  and  Y  are  different  colors. 

Lemma  III.2.2.  For  any  graph  G,  K(G)  is  a  tree. 

P roof.  It  is  clear  that  K( G)  is  connected.  We  must  show  that  it  has  no  cycle.  •  We  first  show 
that  the  canonical  coloring  is  proper.  If  X  Y  and  X  and  Y  are  the  same  color,  then  there  exists 
v  €  V(X)  n  V(Y).  Since  components  of  the  same  color  do  not  intersect,  X  and  Y  must  have  differ¬ 
ent  colors 

Next,  we  show  that  if  X  is  red,  then  X  is  a  tree.  Red  edges  are  precisely  those  that  are  in  no  cycle 
of  G,  and  deleting  the  blue  edges  cannot  introduce  any  cycles.  Hence  X  has  no  cycles  and.  since  it  is 
connected.  X  must  be  a  tree. 

Now  suppose  that  K(G)  has  a  cycle.  Here  we  specifically  allow  multiple  edges  to  correspond  to 
some  intersection  with  at  least  two  vertices.  Suppose  that  C  =  (Xq,. is  the  smallest  cycle  in 
KiG).  Since  the  canonical  coloring  is  proper,  we  may  assume  that  .Vo  is  red  and  both  .Vi  and  are 
blue.  Note  that,  since  we  have  not  eliminated  the  possibility  of  multiple  edges,  it  is  possible  that  .Y|  -- 


For  what  follows,  take  all  subscripts  modulo  k.  Choose  .rt  e  q(XtXi+\).  If  x,  =  Xj,  and  j  >  i, 
then  is  a  smaller  cycle  than  C,  and  so  we  may  assume  that  the  .t;’s  are  dis¬ 

tinct. 

Let  Pi  be  a  path  within  X,  between  xt  and  Xi+\.  It  is  clear  that  PqP\,. .-Fk-l  is  a  cycle  within  G. 
But  since  .to  *  *1,  Pq  is  a  set  of  red  edges,  each  of  which  is  in  a  cycle.  Each  of  these  edges  is  there¬ 
fore  not  a  cut-edge,  contradicting  the  definition  of  a  red  edge.  A 

We  assume  the  canonical  coloring  of  the  edges  for  the  rest  of  §HI.2.  A  cycle  C  with  exactly  one 
branchpoint  u  is  called  a  pendant  cycle  and  u  is  called  the  base  of  C.  Let  F  be  the  set  of  graphs  G 
that  satisfy: 

i.  8(G)  >  2 

ii.  G  is  connected. 

iii.  G  has  no  pendant  3-cvcle  whose  base  is  of  degree  three. 

iv.  m(G)>  7 

Let  f(G)  =  9 m(G)  -  8/2(6.)  +  l.  Note  that  f(G)  -  m(G)  -  8 t(G)  +  1  and  that  f(G)  >  0  if  and 
only  if  8r(G)  >  m(G)  +  1. 

For  a  graph  G,  let  r^G)  =  2 m(G)  -  n(G).  Most  of  the  proof  of  the  upper  bound  is  an  inductive 
argument  on  r|  that  shows  G  €  F  implies  that/YG)  >  0. 

Lemma  III.2.3.  Let  G  be  a  graph  with  minimum  value  of  x\(G)  such  that  G  e  F  and  8 t(G)  > 
m<G)  +  1.  Then  G  has  the  following  properties: 

(i)  If  mv  s  E(G),  and  u  and  v  are  branchpoints,  then  mv  is  red. 

(ii)  If  mv.vw  e  E(G),  d(v)  =  2,  and  both  u  and  w  are  branchpoints,  then  mv  and  vw  are  both 
red. 

(iii)  If  u,  v,  and  w  are  bivalent  and  u  v  <-4  w,  then  u,  v,  and  w  are  the  bivalent  members  of 
an  isolated  4-cycle  whose  base  is  of  degree  3. 

(iv)  If  C  is  a  pendant  cycle  with  base  m.  then  C  is  a  4-cycle  and  d(u)  =  3. 

Proof.  (i)  and  (ii):  From  Lemma  I.6.2(iii),(iv),  snipping  and  double  snipping  do  not  de¬ 

crease  the  trail  cover  number.  Both  operations  leave  m  unchanged,  increase  n  and  hence  decrease  T). 
Therefore,  if  the  result  of  either  operation  is  a  member  of  F,  then  that  would  contradict  the  minimality 
of  G.  By  the  hypotheses,  both  operations  do  not  create  a  leaf  or  a  pendant  3-cvcle  and  hence  they 


must  disconnect  the  graph.  Hence,  uv  (in  (i))  and  both  uv  and  vw  (in  (ii))  must  be  cut-edges. 

(iii) :  Let  H  =  G  •  uv;  by  Lemma  I.6.2(ii),  t(H)  =  t(G)  and  simple  arithmetic  shows  that 
r\(H)  =  r\(G)  -  1.  Hence  H  e  F.  If  m(H )  <  7,  then  G  is  a  7-cycle  and /(G)  =  0.  The  only  other 
property  of  F  that  H  can  violate  is  iii.  and,  if  this  is  the  case,  then  u,  v,  and  w  are  as  asserted. 

(iv) :  By  (iii),  we  may  assume  that  C  is  a  pendant  3-cycle  (uvw)  and,  by  property  iii.  of  F, 
d(u )  >  4.  Let  H  be  the  graph  that  results  from  removing  w  and  then  snipping  uv.  Note  that  t(H)  = 
tiG)  and  r\(H)  <  rj(G).  It  is  clear  that  H  satisfies  the  first  three  properties  of  F  and,  if  m(H)  <  7,  that 
/(G)  =  0.  Hence  H  s  F,  contradicting  the  minimality  of  G.*. 

Let  F'  be  the  set  of  graphs  G  in  F  with  minimal  r|(G)  such  that /(G)  <  0;  we  will  show  that  F‘  = 
0.  If  G  e  F\  then,  by  Lemma  II.2.3(iv),  every  pendant  cycle  is  a  4-cycle  whose  base  is  of  degree 
three.  We  strip  the  pendant  cycles  (leaving  the  bases)  from  such  a  graph  G  to  obtain  the  reduced 
graph  G'.  By  the  Ieaflessness  of  graphs  in  F,  it  is  easy  to  retrieve  G  from  G';  G  has  a  pendant 
4-cvcle  at  a  vertex  u  of  G’  if  and  only  if  u  is  a  leaf  of  G'.  Let  E'  -  (G'lGe  F').  To  prove 
Theorem  III.2.1',  we  will  show  that  S'  is  empty. 

For  any  G'  €  S',  the  canonical  coloring  is  inherited  from  the  corresponding  G  e  F';  the  edge  in¬ 
cident  to  a  pendant  cycle  is  red  and  stripping  the  pendant  cycles  merely  deletes  a  component  of  G*  that 
is  a  blue  leaf  of  K(G). 

A  staple  graph  is  a  graph  that  is  obtained  from  some  multigraph  H .  called  an  underlying 
multigraph  by  twice  subdividing  each  edge.  It  is  easy  to  show  that,  unless  G  =  C3*  for  some  k , 
there  is  a  unique  underlying  multigraph.  For  a  staple  graph  G  with  underlying  multigraph  H,  we  call 
the  vertices  created  during  the  subdivisions  of  the  members  of  E(H)  new  vertices  and  the  other  ver¬ 
tices  old.  We  will  not  need  to  refer  explicitly  to  the  underlying  multigraph;  we  will  simply  refer  to 
new  and  old  vertices.  By  considering  the  edges  incident  to  new  vertices,  it  is  easy  to  see  that  the  trail 
cover  problem  of  a  staple  graph  is  the  same  as  the  problem  of  partitioning  the  edges  into  trails  and  the 
answer  to  this  problem  is  half  the  number  of  vertices  with  odd  degree. 


Lemma  II.2.4  Let  Y  be  a  component  of  G{,.  Then 

(i)  Y  is  a  staple  graph. 

(ii)  The  only  vertices  of  Y  that  are  in  some  component  of  Gr'  are  old  vertices. 

(iii)  5(T)  £  2 

Proof.  From  Lemma  III.2.3,  we  see  that  the  only  blue  edges  of  G'  are  paths  <u,v,wx> 
where  u  and  x  are  branchpoints  and  v  and  w  are  bivalent.  Hence  Y  is  a  staple  graph  and  the  only  ver¬ 
tices  of  Y  that  are  in  some  component  of  Gr  are  branchpoints  of  G'.  Hence  (i)  and  (ii)  are  proved. 

We  now  prove  (iii).  Suppose  that  x  e  V(X)  r\  V(Y),  (and  hence  X  is  red),  and  dy(x)  =  1. 
Define  y  by  xy  €  E(Y).  Then  xy  is  in  some  cycle  of  G'  but  that  cycle  must  include  at  least  one  edge 
of  X  since,  except  for  y,  all  neighbors  (in  GO  of  x  are  in  V(X).  This  contradicts  the  definition  of  a  red 
edge,  a 

Lemma  III.2.5.  Suppose  that  G' s  S'  and,  in  the  canonical  coloring  of  K(G'),  X  is  a  red  leaf. 
Then  X  is  a  single  edge. 

Proof.  In  K(G'),  X  has  exactly  one  neighbor  T,  or  X  is  the  only  vertex  of  K(G’).  In  the  first 
case,  let  w  =  q(XY)  and  in  the  second  case,  let  w  be  a  peripheral  vertex  of  X.  In  either  case,  let  u  be 
at  a  maximum  distance  (in  X)  from  w.  Note  that  u  has  only  one  neighbor  v  and,  if  the  lemma  is  false, 
then  v  *  w.  Furthermore,  v  has  only  one  non-leaf  neighbor  v'. 

Suppose  that  dc(v )  =  2.  Let  G"  be  the  graph  obtained  from  G  by  contracting  the  edge  uv.  Since 
G"  is  connected  and  the  contraction  of  uv  does  not  introduce  any  leaves  or  pendant  3-cycle,  it  follows 
that  if  G"  «  F,  then  m(G")  <  7  and  so  m(G)  =  7.  But  then  G  has  a  leaf  and  hence  G"  e  F. 

Because  of  the  pendant  4-cycle  containing  u,  it  is  clear  that  t(G")  =  t(C).  Moreover,  it  is  easy  to  ver¬ 
ify  that/7G")  =f(G)-  1  and  ri(G'')  =  r\(G)  -  l,  contradicting  the  minimality  of  G. 

Now  suppose  that  d(j(v)  >  3  so  that  v  has  at  least  three  leaf  neighbors  u,u\  and  u"  in  G'.  Let  G" 
be  the  graph  obtained  from  G  by  removing  u,  u,  and  the  pendant  4-cycles  containing  u  and  u.  It  is 
easy  to  verify  that  G"  s  F.  By  using  one  trail  to  cover  E(G)  -  E(G"),  we  see  that  t(G)  <  :(G ")  +  1 
and  so  f(G")  <f(G)  -  2.  Then  r\(G")  =  i\(G)  -  1  contradicts  the  minimality  of  G. 

Finally  suppose  that  dc(v)  =  3  so  that  Nq(v>  =  {u.u'.v'},  where  u  and  u'  are  leaves  in  G'.  If 
dQfv')  >  2.  then  we  can  mimic  the  above  argument  to  get  the  result,  this  time  using  the  trail  to  cover 
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vv'.  Hence  we  may  assume  that  Nq"(v’)  =  {v,v"}  and  we  have  the  situation  illustrated  below. 


Now  let  G*  be  the  graph  obtained  from  G"  by  adding  vertices  x  and  x\  and  edges  so  that 
(vV'xx’)  is  a  4-cycle.  Note  that  it  is  a  pendant  cycle  of  G*  and  that  its  base  is  v".  This  is  illustrated 
below. 


It  is  again  easy  to  verify  that  G*  e  7.  Since  v\(G)  -r\(G)  -  9,  the  minimality  of  G  shows  that 
there  exists  a  trail  cover  7*  of  G*  such  that  817*1  -  I  <i  m(G*).  Moreover,  it  is  clear  that  we  may  as¬ 
sume  some  trail  T*  e  7*  traverses  the  new  4-cycle.  If  we  remove  this  4-cycle  from  T*,  then  we  do 
not  increase  the  number  of  trails  and  the  edge  v"v*  is  covered.  Hence  we  have  a  trail  cover  7”  of  G" 
and  I7"l  =  17*1.  Then  7=7 "  u  {T}  is  a  trail  cover  of  G,  it  follows  that/YG*)  <f(G)  and  so 


‘X 
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f(G )  >  O.a 

Theorem  III.2.6  If  G  e  7,  then  f’(G)>  0. 

Proof.  Suppose  not:  let  G  €  7'  and  the  corresponding  G' e  Z'  be  as  constructed  earlier.  By 
Lemma  III. 2.5,  we  may  assume  that  each  red  leaf  of  K(G')  corresponds  to  a  single  edge.  This  elimi¬ 
nates  the  possibility  that  K(G')  is  a  single  red  vertex.  If  K(G')  has  a  peripheral  red  leaf,  then  let  Y  be 


its  neighbor,  otherwise  let  Y  be  a  peripheral  blue  leaf.  Y  has  at  most  one  non-leaf  neighbor.  If  Y  has  a 
non-leaf  neighbor,  then  call  it  W,  let  w  =  q(YW),  and  let  Q  be  the  component  of  G  -  E(W)  that  con¬ 
tains  Y.  If  Y  has  no  non-leaf  neighbor,  then  choose  w  e  V(Y)  arbitrarily  and  let  Q-G.  Let  R  be  the 
collection  of  red  edgs  that  correspond  to  the  leaf  neighbors  of  Y  ( R  may  be  empty).  Note  that  Q  con¬ 
tains  Y ,  together  with  R  and  the  pendant  4-cycles.  In  Figure  n.2.3,  we  illustrate  the  situation.  In  that 
figure,  we  have  put  a  leaf-edge  of  G'  incident  to  w  to  emphasize  that  such  edges  and  their  corre¬ 
sponding  pendant  4-cvcles  do  not  belong  to  Q. _ 


Figure  111,2.3:  G  (Note:/  is  a  staple  graph.) 

Now  fix  some  underlying  multi  graph  H  of  Y.  Let  be  the  number  of  odd  vertices  in  H  and  nz  be 
the  number  of  even  vertices  in  H.  Let  nj  =  n\i  +  n\z,  where  n\ i  is  the  number  of  odd  vertices  in  H 
that  are  incident  to  members  of  R.  Let  nn  =  /n  1  +  «22»  where  nzi  is  the  number  of  even  vertices  in  H 
that  are  incident  to  members  of  R.  Since  H  has  no  vertices  of  degree  one,  and  m(Y)  =  3 m(H), 
m(Y)  >  3  1  v  ~n~ ■ .  Since  each  red  edge  and  corresponding  pendant  4-cvcle  has  five  edges,  we 

have: 

m(Q)  >  3  ~ ^1— +  5(n\  \  +  n 21)  ( III.2.4) 

Now  we  count  the  odd  vertices  of  Q.  Each  member  of  R  provides  one  from  the  base  of  the  corre¬ 
sponding  pendant  4-cvcle,  each  even  vertex  of  Y  that  is  incident  to  an  edge  of  R  provides  one.  and 
each  odd  vertex  of  Q  -  R  that  is  not  incident  to  any  edge  of  R  provides  one.  Dividing  by  two  to  com¬ 
pute  the  number  of  trails  necessary  to  partition  the  edges  gives: 

If  'M  -  nz\  -  0.  then  r(Q)  =  1. 

If  n  1  -  nz\  >  0.  then  :(Q)  <  ny 2  -  nzi-  (III. 2. 5) 

Note  that  Q  cannot  be  a  6-cycle  since  G  has  no  pendant  6-cvcle  and  hence  m<Y)  >  9.  Let  The  a 


trail  partition  of  Q.  From  m(Q)>9 ,  (in.2.4),  (III.2.5),  and  «2  -  «2l.  we  have  t(Q)  <  8m(Q).  Let 
Q'  be  the  graph  induced  by  the  vertices  of  the  non-trivial  component  of  G  -  E(H). 

If  f(Q')  ^  0,  then  we  can  cover  Q'  and  Q  separately  and  show  that/YGl  >  0.  Hence  we  have 
f(Q')<  0  and,  by  the  minimality  of  G,  that  Q'  €  F.  It  then  follows  that  either  m(Q')  <  7  or  else 
5 (Q1  <  2. 

Suppose  that  m(Q')  <  7.  For  some  T  e  7,  7  visits  w,  we  can  route  T  through  Q'  and  have  T 
cover  E(Q')  before  continuing.  Therefore  t(G)  =  t(Q).  But  it  then  quickly  follows  that  f(G)  >  0, 
contradicting  G  e  F\ 

Hence  8(Q‘)  =  1  and  Nq-(w)  =  {w'}.  First  assume  that  cLq(w )  is  odd.  Then  in  7,  a  trail  T  ends 
at  vv  and  so  can  be  extended  to  w'  and,  if  necessary,  beyond  to  a  branch  point;  call  the  resulting  set  of 
trails  7*.  Note  that  171  =  17"!.  Remove  the  edges  of  T'  from  Q'  to  form  Q".  If f(Q“)  >  0,  then  we 
can  take  a  trail  cover  7"  of  Q",  together  with  7*  and  get  a  trail  cover  of  G  with  sufficiently  few  trails. 
If  f(Q")  <  0,  then,  by  the  minimality  of  G,  Q"  e  F  and  it  is  easy  to  show  that  this  implies  that 
m(Q")  <  7.  But  then  T  can  be  extended  to  cover  Q"  and  again  we  have  a  trail  cover  of  G  with  suffi¬ 
ciently  few  trails. 

Hence  we  may  assume  that  dQ< w)  is  even. 

We  will  again  cover  Q  and  Q'  separately.  Define  Q"  to  be  the  graph  obtained  from  Q'  by  adding 
two  vertices  and  edges  so  that  w  and  w'  are  pan  of  a  4-cycie.  It  is  clear  that  cfQ')  =  t(Q 
Funhermore,  it  is  again  easy  to  eliminate  the  possibility  of  Q"  €  F  and  so  we  may  assume  that 
8 t(Q")  -  1  ^  m(Q").  From  t(Q)  <  n\/2  +  n2\,  m(Q)  >  9n\/2  +  8«21  +  3^22  +  3nn,  and  «22  ^  L 
we  have  8 t(Q)  <  m(Q)  -  3.  Since  St(Q')  =  8t(Q")  <  m(Q")  +  1  =  m(Q’)  +  3,  we  have  8c(G)  < 

8 t(Q)  +  8ti<2’l  ^rn(Q')  +  3  +  m(Q)  -  3  =  m(G)  <  m(G)  +  1,  again  contradicting  f(G)  <  O.a 

We  are  now  ready  to  prove  Theorem  111.2.1*.  We  verify  directly  that  if  m(G)  <  7  and  G  € 
(Ca,C5,C6),  then/(G>  >  0.  From  Theorem  III.2.6,  we  may  assume  that  G  has  a  pendant  3-cycle 
whose  base  is  of  degree  three.  Replace  each  of  these  3-cycles  with  a  pendant  4-cvcle  with  the  same 

base  to  obtain  the  graph  H.  By  Tneorem  III.2.6,  H  has  a  depth-2  representation  R  such  that  I/?!  < 

9  m(H . 

- g - .  For  every  pendant  4-cycle  (uvwx)  with  base  tt,  we  may  assume  that  R  contains  a 

configuration  as  in  Figure  111.2.4(a).  For  each  such  cycle  that  must  be  replaced  by  a  3-cvcle  (uvw)  to 


E 


return  to  G,  we  modify  R  as  in  Figure  111.2.4(b). 


Figure  111.2.4(a) 


Figure  111.2.4(b) 


This  saves  one  edge  and  two  intervals.  Hence,  if  there  are  k  such  3-cycles,  then  1(G)  < 

9(m(G)  +  k±  + ,  J_  _  2/,  _  £G)  +_  1  _  -7^/8.  This  completes  the  proofs  of  Theorem  111.2.1'  and 

Theorem  III.2.1. 

Theorem  III. 2.7.  If  G  is  a  graph,  and  5(G)  >  2,  then  1(G)  <  5m(G)/4.  Furthermore,  for  any 
m  >  8,  there  exists  a  graph  G  with  m  edges  for  which  1(G)  =  5m(G)/4  and  so  the  result  is  best  possi- 


Proof.  We  establish  best  possible  first.  If  m  =  0 (mod  4),  then  let  G  be  m/4  copies  of  C4. 

For  other  residue  classes,  subdivide  edges  of  one  of  the  Ca's. 

Let  aiG)  =  UG)/m(G)\  we  must  prove  that  a  £  5/4.  Let  G  be  a  graph  that  maximizes  l/m.  Let 
$(G)  =  max{a(H) :  H  is  a  component  of  G}.  We  have  ct/G)  <  (3/C),  with  equality  if  and  only  if, 
for  every  component  H  of  G,  ct(H)  =  a (G).  Hence  we  may  assume  that  the  components  of  G  are 
identical.  Let  H  be  a  component  of  G. 

From  Theorem  III. 2.1,  if  m(H)  >  6,  then  a (H)  <  8/7.  If  m(H )  <  6,  then  we  can  verify  directly 
that  the  maximum  value  of  a  is  achieved  uniquely  by  C4.  A 

We  finish  §111.2  by  showing  that  for  any  positive  integer  d.  there  exists  Ed>  0  and  an  infinite  se¬ 
quence  of  graphs  with  5  =  d  for  which  /  >  / 1  +  e^)m.  This  is  of  interest  because  it  is  not  true  for  the 
cwo  other  connectivity  parameters;  if  k'  >  4,  then  /  <  m  +  1. 

Given  d  and  r ,  let  Gd,r  he  the  graph  formed  by  the  following  procedure.  Stan  with  r  disjoint  copies 
of  Kdd,  each  with  one  distinguished  venex.  Add  a  new  vertex  u  and  edges  from  u  to  each  of  the  dis- 
tinguished  vertices.  We  have  t(Gd,r)  =  l — - — J  and  m(Gds)  ~  r<d2  +  1).  Simple  arithmetic  then 

shows  that,  for  anv  r.  we  can  use  £d  =  ;  — r*  ■  F°r  'his  construction,  we  can  sav  that  it  takes 

lid-  +  l; 

ltd2  -  1)  edges  to  force  an  additional  trail.  We  do  not  claim  that  this  is  the  minimum  but  we  do 
believe  that  the  number  of  edges  necessary  to  force  new  trails  grows  quadratically  with  J. 
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3 .  Classes  Defined  by  Connectivity  Parameters 


In  §111.3,  we  resolve  the  extremal  problem  for  KG)  in  terms  of  m(G)  for  some  connectivity 


classes.  We  consider  edge-connectivity  k  and  the  vertex-connectivity  k.  In  particular,  we  prove  the 


following. 


Theorem  HL3.1.  If  G  is  a  graph  with  k'(G)  £  2  and  m(G)  £  9,  then  li(G)  £  Ll0mfGj/9_l. 


Furthermore,  for  any  m  >  9,  there  exists  a  2-edge-connected  graph  with  m  edges  for  which  /  = 
ll0m/9j  and  so  the  result  is  best  possible. 


The  examples  that  we  will  use  to  show  that  Theorem  m.3.1  is  best  possible  are  2-connected, 


which  yields: 


Corollary  IEL3.2.  If  G  is  a  graph  with  k(G)^2  and  m(G)  >  9,  then  h(G)  <  |_10m(G)/9j. 
Furthermore,  for  any  m  >  9,  there  exists  a  2-connected  graph  with  m  edges  for  which  /  =  Ll0m/9j 


and  so  the  result  is  best  possible. 


In  Theorem  m.3.1  and  Corollary  III.3.2,  the  upper  bound  is  for  the  parameter  I2  whereas  the 


‘best  possible”  clause  is  in  terms  of  /.  Therefore  the  statements  are  slightly  stronger  than  if  they  were 


completely  in  terms  of  /  or  K  It  is  easy  to  show  that  if  G  is  a  graph  for  which  m(G)  <  9  but  G  has  a 


triangle,  then  1(G)  <,  \0m(G)/9. 


As  mentioned  earlier,  Andreae  and  Aigner  showed  that  if  k1  >  4,  then  /  <  m  +  1.  We  will  con¬ 


trast  that  with  k  =  3  by  showing  that  there  exists  e  >  0  and  an  infinite  set  of  3-connected  graphs  for 


which  I  >  |T  +  t)m. 


We  now  begin  the  discussion  of  Theorem  ID.  1.1.  Phrasing  it  in  terms  of  trail  covers,  we  want  to 


show  that  t(G)  <  m(G)J9  for  2-edge-connected  graphs,  and  we  want  to  construct  triangle-free 
2-connected  graphs  for  which  t  =  lm/9_|. 


We  first  establish  that  Theorem  III.  1. 1  is  best  possible  and  at  the  same  time  eliminate  staple  graphs 


from  consideration  for  violating  the  upper  bound. 


Let  G  be  a  2-connected  staple  graph  and  let  G'  be  the  underlying  multigraph  of  G.  Let  n\  be  the 

3  1 

number  of  vertices  of  G'  that  have  degree  i.  Then  m(G)  =  m,-  and  hC)  =  is  oddn;.  Since 

G  is  2-connected.  n\  =  0  and  it  quickly  follows  that  r/m  is  maximized  when  ^3  =  n(G').  In  this  case. 


Therefore,  the  staple  graph  of  any  3-regular  2-connected  multigraph  shows  that  Theorem  ni.3.1  is 
best  possible;  these  are  the  only  staple  graphs  achieving  the  bound  and  none  exceeds  it  An  example 
appears  below. 


G’  G 

Figure  III.3.1 

These  graphs  are  all  2-connected,  and  therefore  Corollary  in.3.2  follows  from  Theorem  U3.3.1. 
Subdividing  any  edge  of  such  a  graph  gives  the  best  possible  result  for  graphs  of  other  residue  classes 
of  nine.  Furthermore,  we  may  now  exclude  staple  graphs  when  considering  the  upper  bound. 

A  unit  is  a  maximal  induced  2-edge-connected  subgraph.  A  trivial  unit  is  one  with  no  edge,  a  non¬ 
tririal  unit  is  one  with  at  least  one  edge,  a  small  unit  is  a  non-trivial  unit  with  at  most  eight  edges,  and  a 
large  unit  is  one  with  at  least  nine  edges.  An  interunit  edge  is  an  edge  whose  endpoints  are  in  different 
units. 

Note  that  units  are  vertex  disjoint  Moreover,  there  is  at  most  one  interunit  edge  between  any  two 
units. 

For  a  graph  G,  the  unit  graph  U(G)  is  defined  by  V(U(G))  is  the  set  of  units  and,  forX,T  e 
V(U),X  <-+  Y  if  and  only  if  there  is  an  interunit  edge  between  X  and  Y. 

Lemma  OOL3.3.  For  a  connected  graph  G,  U(G)  is  a  tree. 

Proof.  Since  G  is  connected,  U  is  connected.  If  XT  e  E(U(G))  is  in  some  cycle,  then  the  vertex- 
sets  corresponding  to  the  units  of  this  cycle  form  an  induced  2-edge-connected  graph,  contradicting  the 
fact  that  each  of  these  vertex-sets  induces  a  maximal  2-edge-connected  subgraph.  ♦ 

We  will  prove  Theorem  IE. 3.1  inductively.  As  in  §IE.2,  we  let  r\(G)  =  2 m(G)  -  n(G).  Let  7  be 
the  family  of  graphs  with  minimal  r|(G.)  among  the  2-edge-connected  graphs  for  which  t(G )  > 
m(Gi/9,  i.e., 7  is  the  set  of  “r|-minimal”  counterexamples.  We  will  establish  properties  of  graphs  in 
7  and  eventually  show  that  7  =  0. 
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Note  that  if  H  is  a  2-edge-connected  graph  with  at  most  eight  edges,  then  t(H)  =  1.  Hence,  if  H  is 
2-edge-connected,  then  m(H)  <  m(G),  and  t(H)  =  t(G),  then  G  cannot  be  a  minimal  member  of  F. 

An  edge  uv  is  a  link  if  both  of  its  vertices  are  bivalent  In  a  staple  graph,  every  edge  is  either  a  link 
or  it  is  incident  to  a  link. 

Lemma  1HJ.4.  If  G  €  F,  then  G  has  the  following  properties: 

(i)  G  has  no  incident  links. 

(ii)  G  has  no  pendant  cycle. 

(iii)  For  any  ee  E(G),  G  -  e  is  not  2-edge-connected. 

(iv)  If  u  €  V  and  d(u)  =  2,  then  G  -  u  is  not  2-edge-connected. 

(v)  G  is  not  a  staple  graph. 

(vi)  G  has  an  edge  that  is  neither  a  link  nor  is  incident  to  a  link. 

Proof.  For  (i)  through  (iv),  we  modify  G  to  obtain  a  graph  that  contradicts  the  minimality  of  G. 
For  (i),  if  e  and  e'  are  incident  links,  then  contract  e.  This  decreases  m  but  not  t.  For  (ii),  if  G  has  a 
pendant  cycle  G,  then  subdivide  one  of  the  edges  chat  is  incident  to  the  base  but  not  in  C  and  remove 
C,  leaving  its  base.  This  decreases  m  without  decreasing  t.  For  (iii),  snip  e,  and  for  (iv),  double  snip 
che  edges  incident  to  u. 

We  have  already  shown  (v)  and  (vi)  is  just  a  restatement  of  the  fact  that  G  is  not  a  staple  graph.  * 

We  stated  before  that  in  a  staple  graph,  every  edge  is  either  a  link  or  it  is  incident  to  a  link.  It  is 
easy  to  see  that  the  reverse  is  almost  true;  if  a  graph  has  this  property  and  satisfies  Lemma  m.3.4(i) 
then  the  branchpoints  on  any  trail  must  occur  exactly  three  apart,  and  G  is  a  staple  graph. 

Lemma  m_3  J.  If  G  s  F  and  e  s  E(G),  then  U(G  -  e)  is  a  path  whose  ends  are  units  containing 

the  endpoint  of  e. 

Proof.  Let  G'  =  G  -  e.  By  Theorem  III.3.4(iii),  G  is  not  2-edge-connected  and  so  U(G')  is  non¬ 
trivial.  Since  G  is  2-edge-connected,  G'  is  connected  and,  by  Lemma  III.3.3,  U(G')  is  a  tree.  If  we 
add  edges  to  G'  to  make  it  2-edge-connected,  then  we  will  need  an  endpoint  of  one  edge  to  be  in  each 
unit  that  corresponds  to  a  leaf  of  G'.  Since  G'  u  e  is  2-edge -connected,  e  has  an  endpoint  in  each  leaf 
of  V(G').  Hence  there  must  be  only  two  leaves  of  U(G’)  and  U(G')  is  a  path  whose  ends  correspond 
;o  units  containing  the  endpoints  of  e.  ♦ 


Lemma  HI.3.6.  If  G  e  F,  then  there  exists  e  e  E(G)  such  that  G  -  e  has  at  least  two  non-trivial 
units. 

Proof.  We  first  show  that  if  G  -  e  has  at  most  one  non-trivial  unit,  then  e  is  a  link  or  is  incident  to 
a  link.  Let  G'  -G  -  e  and  e  =  uv.  Since  G  -  e  is  not  2-edge-connected,  A  *  B.  By  hypothesis,  at 
most  one  of  A  and  B  is  non-trivial.  Let  A  be  the  unit  of  G'  that  contains  u  and  B  be  the  unit  of  G'  that 
contains  v.  If  both  A  and  B  are  non-trivial,  then  we  are  done.  If  they  are  both  trivial,  then  uv  is  a  link 
and  again  we  are  done.  Hence  we  may  assume  that  A  is  trivial  and  B  is  not. 

Since  U(G')  is  a  path  with  one  of  the  endpoints  A  =  (u),  u  has  only  two  neighbors  in  G,  one  of 
which  is  v;  call  the  other  one  w.  Let  C  be  the  unit  of  G'  that  contains  w.  If  C  -  B,  then  d(u)~  2  and 
G  -  u  is  2-edge-connected,  violating  Lemma  IIL3.4(iv).  Hence  C  *B.  If  C  is  non-trivial,  then  B 
and  C  are  two  non-trivial  units  of  G.  If  C  is  trivial,  then  e  is  incident  to  the  link  uw. 

Now  if  the  lemma  is  false  then,  for  every  e,  G  -  e  has  at  most  one  non-trivial  unit  and,  by  the 
above,  every  edge  is  a  link  or  is  incident  to  a  link.  But  this  violates  Lemma  m.3.4(vi).  4 

Now  fix  G  e  F,  and  let  e  be  an  edge  of  G  such  that  G  -  e  has  at  least  two  non-trivial  units.  From 
Lemma  M.3.5,  G  looks  like  a  “cycle”  of  non-trivial  units  of  G  -  e,  where  the  “edges”  are  paths.  We 
illustrate  this  below;  each  gray  circle  represents  a  non-trivial  unit. 


Figure  III.3.2 


We  call  the  paths  between  the  non-trivial  units  bridges.  From  Lemma  IH.3.4(i),  bridges  can  have 
length  one,  two,  or  three;  we  call  these  short,  medium,  and  long  bridges  respectively.  We  call  the 
endpoints  of  the  bridges  terminals. 


Let  k  be  the  number  of  non-trivial  units  of  G  -  e.  For  what  follows,  do  all  arithmetic  modulo  k. 
Label  the  units  An, _ -U.i  and  bridaes  Bn, _ Bt.i  so  that,  for  anv  i.  the  bridge  B,  is  between  units  A. 
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and  .4,+  i.  Suppose  that  B{  has  pi  vertices  and  label  these  uij,  where  j  =  0 so  that  m,j o  € 
uj.y  Mjj+i,  and  Note  that  1  <p,  <,  3. 

From  Lemma  ni-3.4<iii),  no  cycle  has  a  chord.  In  particular,  no  unit  of  G  -  e  has  a  cycle  that  has 
a  chord.  With  this  restriction,  we  illustrate  all  possible  small  units  in  Figures  III.3.3. 

A  □  0  M  O  E>  K> 

O  <X>  <2> 

Figure  111.3.3(a) 

ooow 

Figure  IH.3.3(b) 


o 

Figure  111.3.3(c) 


Lemma  IIL3.7.  If  A  is  a  unit  of  G  -  e,  then  either  A  is  large  or  A  =  C&  with  terminals  at  opposite 
vertices. 

Proof.  If  A  appears  in  Figure  111.3.3(a),  then  no  matter  what  the  terminals  of  A  are,  it  is  possible 
to  cover  all  edges  of  A  with  a  trail  that  starts  at  one  terminal  and  ends  at  the  other.  Form  G’  by 
replacing  the  bridges  on  either  side  of  the  A,  together  with  A  itself  by  a  long  bridge.  This  does  not 
decrease  t  and  it  does  decrease  m.  By  the  minimality  of  G,  we  can  eliminate  all  of  the  graphs  of  Figure 
111.3.3(a)  from  consideration  as  units  of  G.  We  can  use  the  same  argument  if  A  =  and  the  termi¬ 
nals  are  not  opposite. 

If  A  =  C(s  and  the  terminals  are  opposite,  then  every  trail  cover  of  G  ends  within  A;  i.e.,  it  is  im¬ 
possible  to  cover  the  edges  with  a  single  trail  that  starts  at  u  and  ends  at  v.  Now  suppose  that  A  ap¬ 
pears  in  Figure  111.3.3(b).  Replace  A  by  C(,  with  opposite  terminals  and  call  the  resulting  graph  G’. 

By  the  minimality  of  G,  t(G')  <  m(G')/9.  Replace  the  trail  T  (in  G *)  that  starts  within  the  6-cycle  by  a 
trail  t  in  G)  that  starts  at  an  appropriate  vertex  within  A,  visits  every  vertex  of  A  and  leaves  at  the  same 
terminal  that  T  does.  This  demonstrates  that  KG’)  >  t(G ),  contradicting  the  minimality  of  G.  a 


•IV  raaflSOfc 
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If  A;  is  a  small  unit  of  G  -  e,  and  Am  and  A,+i  are  both  large  units  of  G  -  e,  then  we  say  that  A,  is 


an  isolated  small  unit  of  G  -  e. 


We  now  group  edges  into  packets.  The  edges  of  some  of  the  long  bridges  will  be  in  no  packet  but 
each  of  the  other  edges  will  be  in  exactly  one  packet.  Furthermore,  no  packet  will  contain  edges  from 


two  different  large  units  of  G  -  e. 


We  start  by  describing  the  cores  of  the  packets.  The  cores  are  subsets  of  packets  that  determine  the 
packets  and  there  is  one  core  for  each  packet  Each  large  unit  is  the  core  of  one  packet  If  Am  is 
large.  A;,.-- A+u  are  small,  and  Ai+W. 1  is  large,  then  E(A,)  kj  E(Bj )  kj  E(Ai+\)  is  the  core  of  one 
packet,  £(A,+ 2)  u  E(Bi+ 2)  u  E(Ai+ 3)  is  the  core  of  one  packet,  etc..  The  last  core  from  these  u  +  1 
units  contains  three  units  and  two  bridges  if  t)  +1  is  odd  and  two  units  and  one  bridge  if  u  +  1  is 


even.  If  a  small  unit  is  isolated  but  one  of  the  incident  bridges  is  long,  then  the  unit  and  the  long 


bridge  form  the  core  of  a  packet. 

One  characteristic  of  packets  that  will  be  needed  is  that  they  contain  at  least  nine  edges.  The  pack¬ 
ets  that  have  been  defined  so  far  comfortably  satisfy  this  requirement  and  we  call  them  ample.  The 
remaining  packets  are  created  from  some  of  the  isolated  small  units  and  we  must  work  harder  to  ensure 


that  they  contain  nine  edges.  We  call  these  packets  scant. 

If  A,  is  an  isolated  small  unit,  neither  Bm  nor  Bj  is  long,  and  at  least  one  of  (Bm^i)  is  medium. 


then  we  make  a  scant  packet  from  the  medium  bridge.  A,-,  and  the  edge  incident  to  A/  from  the  other 


bridge. 


We  now  assign  most  of  the  remaining  edges  to  ample  packets.  These  edges  are  called  supple¬ 
mentary.  If  A;  is  a  unit  whose  edges  are  not  assigned  to  any  packet,  then  it  is  an  isolated  small  unit, 
both  Bm  and  B,  are  short,  and  both  Am  and  A;  are  large.  Assign  E(Bt.\)  u  E(At)  u  E(B0  to  the 
packet  that  contains  Am.  If  wv  is  part  of  a  short  or  medium  bridge,  and  uv  has  not  been  assigned  to 
any  packet,  then  at  least  one  of  {w,v}  is  in  an  ample  packet.  If  u  is  in  an  ample  packet  A,  then  assign 
uv  to  A.  Otherwise,  assign  uv  to  the  packet  containing  v. 

This  completes  the  assignment  of  edges  to  packets  and  hence  the  definition  of  packets.  The  defini¬ 
tion  is  not  precise  since  there  is  more  than  one  way  of  assigning  edges  to  packets:  we  will  just  assume 
that  some  assignment  that  agrees  with  the  above  rules  is  given.  The  boundary  points  of  a  packet  are 


the  vertices  of  the  packet  that  are  farthest  counterclockwise  and  clockwise  in  the  cycle  of  units. 

Suppose  that  A.  is  some  packet.  For  some  /,  A  contains  all  of  the  edges  of  4,  and  none  of  the  edges  of 
Ai.\.  We  define  the  low  boundary  point  to  be  ui-ij  where  j  =  min { q  :  e  V( A)}.  For  some  i, 

A  contains  all  of  the  edges  of  Ai  and  none  of  the  edges  of  A/+i.  We  define  the  high  boundary  point  to 
be  uij  where  j  =  max (q  :  u^q  e  V(A)\.  The  spans  are  the  paths  (some  of  them  have  no  edges  and 
some  of  them  have  three  edges)  between  the  packets.  We  call  the  spans  of  length  three  great. 

In  Figure  EII.3.4,  we  give  an  example  of  a  cycle  of  units.  The  large  circles  represent  large  units 
and  the  small  circles  represent  small  units.  Our  choice  of  packets  is  designated  by  the  polygons.  The 
polygon  corresponding  to  the  only  scant  packet  is  white  and  the  polygons  corresponding  to  the  ample 
packets  are  light  gray.  The  boundary  points  of  the  packets  are  designated  with  large  dots. 


Figure  III.3.5 


Theorem  HL3.8.  If  A  is  an  ample  packet  and  m(A.)  >  9,  thenrfA)  £  m(A)/ 9. 

Proof.  If  the  core  of  A.  consists  of  one  (resp.  two,  three)  small  units,  then  it  has  at  least  nine  (resp. 
thirteen,  twenty)  edges  and  can  be  covered  with  one  (resp.  one,  two)  trails  in  such  a  way  that  these 
trails  contain  both  boundary  points  of  the  packets.  Therefore,  if  A  has  any  supplementary  edges,  then 
they  are  immediately  covered. 

If  A.  contains  a  large  unit  A,  then  there  are  two  possible  sources  of  supplementary  edges.  Suppose 
that  we  have  eight  supplementary  edges  from  a  small  unit  and  two  short  bridges.  This  is  depicted  in 
Figure  111.3.5(a). 


Figure  111.3.5(a):  A  Figure  111.3.5(b):  A* 

Note  that  m(A.*  j  =  m(A.i  and  A.*  is  2-edge-connected.  By  the  minimality  of  G.  A*  can  be 
covered  wuh  m(A/)/9  trails.  Moreover,  since  it  is  impossible  to  cover  the  new  edges  with  a  trail  that 


starts  and  ends  at  u,  we  are  forced  to  start  a  trail  T  within  the  graph  induced  by  the  new  edges.  We 
may  assume  that  T  continues  to  u  and  then  (if  necessary)  into  A.  Replace  T  by  a  trail  in  A  that  starts  at 
v.  goes  around  the  6-cycle  and  then  follows  the  subtrail  of  T  that  is  in  A.  Thus  we  have  a  trail  cover  of 
A  that  has  at  most  m(A.)/ 9  trails. 

Suppose  now  that  A  has  a  supplementary  edge  uv  from  a  short  or  medium  bridge,  and  that  uv  is 
incident  to  a  large  unit  A,  as  in  Figure  111.3.6(a). 


Figure  111.3.6(a):  A  Figure  111.3.6(b):  A* 

We  subdivide  an  edge  uw  where  w?v  and  remove  uv  to  obtain  A*.  By  the  minimality  of  G  and 
the  2-edge-connectedness  of  A*,  t(A.*)  £  m(A*)/ 9  =  m(A)/ 9  and,  from  the  “snipping  lemma” 
(Lemma  I.6.2(iii))  we  have  t(A)  <  r(A*). 

We  can  combine  these  two  techniques  to  get  a  trail  cover  of  A  with  the  required  number  of  trails 

A. 

If  there  are  no  great  spans,  then  every  edge  is  in  some  packet  and  we  can  apply  Theorem  III.3.8  to 
each  packet,  take  the  union  of  the  resulting  trail  covers,  and  obtain  t(G)  £  m(G)/9.  We  need  a  lemma 
to  deal  with  great  spans. 

Lemma  IIL3.9.  Suppose  that  Go,...,Gj.i  are  graphs  with  disjoint  vertex-sets,  and  that,  for  each  j, 
<Uj,v,,wj^Xj,>  is  a  trail  within  Gj  and  v;-  and  wj  are  bivalent.  Let  H  -  u^C,  and  H'  =  H  -  {u;v,  : 

j  =  0 . r  -  1)  u  { v ju j+ 1  :j  =  0,...,/  -  1).  Then  t(H')  <  t(H). 

Proof.  Note  that  t(H)  =  From  Lemma  I.6.2(ii),  for  each  j,  there  is  an  optimal  trail 

cover  7j  of  Gj  that  contains  a  trail  Tj  that  has  a  subtrail  <Uj,vj,wjjCj,>.  When  we  remove  each  ujvj, 
the  total  number  of  trails  increases  by  at  most  r  (fewer  if  some  Tj  is  closed). 

Now  if  we  can  take  two  ends  u  and  v  of  different  trails  and  make  the  trails  into  one  trail  by  adding 
the  edge  uv  to  one  trail  and  then  concatenate  these  trails,  we  decrease  the  number  of  trails  by  one.  We 

do  this  r  -  1  times  by  adding  the  edges  {v;u;+i  :  j  =  0 . r  -  2}.  The  proof  will  be  done  if  adding  the 

edge  also  decreases  the  number  of  trails  by  one. 


If  it  does  not.  then  v;.i  and  mo  are  in  the  same  trail  so  that  adding  the  edge  vr.\uo  simply  makes  a 
closed  trail  from  an  open  trail.  But  if  this  is  the  case,  then  each  7)  was  a  closed  trail  and  removing  the 
edges  Uj\j  did  not  increase  the  number  of  trails  at  all.  Then  in  this  case,  t(H')  <,  t(H)  -  (r  •  1>.  a 

Suppose  that  there  are  r  packets.  For  what  follows,  do  all  arithmetic  modulo  r.  Label  the  packets 
Aq,.  ..Ar-i  so  that,  for  any  j,  there  is  a  span  Cy  between  packets  Aj  and  Aj+\.  Let  My  be  the  high 
boundary  point  of  Aj  and  xj  be  the  low  boundary  point  of  Aj  so  that  Cj  is  a  path  between  Uj  and  Xj+  \ . 

If  there  are  at  least  two  long  bridges,  then  let  them  be  C\  and  Cs.  Form  the  graph  G'  as  follows. 
Delete  the  edges  of  C  i  and  Cs.  Insert  a  path  of  length  three  between  u\  and  Jtj+i,  and  another  path  of 
length  three  between  xi  and  us. 

This  graph  has  the  same  number  of  edges  as  G  and  it  has  two  components  Gf  and  G' 2,  each  of 
which  has  at  least  nine  edges  and  is  2-edge-connected.  By  the  minimality  of  G,  for  /  =  1,2,  there 
exists  a  trail  cover  T/  of  G{  with  m(G()f 9  trails.  We  now  apply  Lemma  M.3.9  to  Gf  and  Gi  to  obtain 
t(G)  £  m<G\)/ 9  +  m(Gj)/9  =  m(G)/ 9. 

If  there  is  exactly  one  great  span,  then  we  must  look  more  closely  at  the  individual  packets.  Let 

m(G)-  3  -  X'LiP j 

p,  =  m(A.j)(mod  9).  By  Theorem  III.3.8,  we  can  cover  the  packets  with - ^ - trails 

so  that  if  3  +  X^iR/  -  we  can  use  a  sin§le  trail  for  the  great  span  and  still  have  at  most— g — 

trails. 

If  3  +  X;-iP/  <  then*  f°r  each  j,  Pj  S  5  and  we  can  add  three  edges  to  Ay  without  increasing 
the  bound  for  covering  Aj.  We  can  then  discard  the  great  span  and  insert  paths  of  length  three 
between  the  low  and  high  terminals  of  each  packet  and  apply  Lemma  m.3.9.  Then  contract  the  newly 
created  great  spans  and  we  have  a  sufficiently  small  trail  cover.  This  procedure  is  illustrated  in  Figure 
III. 3. 7. This  completes  the  proof  of  Theorem  m.3.1.* 

Two-edge-connected  3-regular  staple  graphs  show  that  there  exists  e  >  0  and  an  infinite  set  of 
graphs  such  that  Ilm>(  1  +  e).  Since  4-edge -connected  graphs  have  a  Hamiltonian  path,  t  =  1  for 
these  graphs  and  the  same  cannot  be  said  for  them.  There  are  two  intermediate  classes.  These  are 
3-edge -connected  and  3-connected.  We  now  describe  examples  to  show  that  these  are  more  like  the 
2-connected  graphs. 


the  edges  within  the  copy,  T  must  enter  it.  By  contracting  all  of  the  edges  within  each  copy  of  H,  and 
contracting  the  corresponding  edges  of  T,  we  get  a  Hamiltonian  cycle  of  the  Petersen  graph  and  this  is 
impossible. 


Figure  IIL3.8(a)  Figure  111.3.8(b) 

Let  Gk  be  the  graph  that  consists  of  2k  - 1  copies  of  G’  with  the  vertices  u  identified.  From  the 
above,  no  trail  can  enter  a  copy  of  G\  cover  it,  and  leave  it.  If  we  try  to  use  two  trails  to  cover  a  copy 
of  G',  then  the  second  trail  uses  up  the  last  edge  in  G’  that  is  incident  to  u  on  its  way  in  and  therefore  it 
must  end  inside  the  copy.  We  have  now  shown  that  there  is  at  least  one  endpoint  of  some  trail  in  each 
copy  and  so  we  need  at  least  k  trails  to  cover  G*. 

Since  m(H)  =  9,  m(G')  =  15  +  9-9.  Then  since  m(Gic)  ~  (2k  -  l)m(G'),  m(Gk)  =  192 k  -  96 

193 k  -  96 

and  we  have  a  sequence  of  graphs  for  which  IJm  1  +  VI 92.  We  say  that,  in  this 

construction,  it  takes  192  edges  to  force  another  trail.  We  do  not  claim  that  this  is  the  most  efficient 
use  of  edges  for  forcing  additional  trails. 

We  now  discuss  a  construction  of  3-connected  graphs.  Consider  the  Thomassen  graph,  shown  in 
Figure  111.3.8(b).  Replace  each  vertex  by  a  copy  of  H,  subdivide  the  three  edges  that  are  in  no  5-cvcle 
(drawn  with  thick  gray  lines),  and  call  the  resulting  graph  G\  Take  2k  copies  of  G'  and  call  them 
For  each  i  =  0,...,2£  -  1,  let  u„v,-,  and  w;  be  the  three  bivalent  vertices.  Taking  all 

subscripts  modulo  2k,  add  edges  {a,vJ+l  :  i  =  0 . 2£  -1}  and  {w;w;+*  :  i  -  0 . k  -  1 ).  Call  this 

graph  Gk ;  it  is  3-connected.  Moreover,  it  is  3-regular  so  m  =  3n/2.  Since  n  =  2jk[  1 8  7  +  3],  we 
have  m  =  387&. 

We  now  show  that  each  Hi  has  two  endpoints  of  a  trails  from  any  trail  cover.  If  not,  then  we  may 
assume  that,  for  some  trail  cover,  the  left  side  of  Gq  has  no  endpoint.  Since  there  are  only  three  edges 
into  this  half,  it  is  impossible  for  two  trails  to  enter  and  leave  and  therefore  some  trail  T  enters  the  left 
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half,  covers  all  of  its  edges  and  leaves.  If  we  take  the  portion  of  T  that  is  in  the  left  half,  contract  all  of 
the  edges  of  any  copy  of  H,  and  then  identify  the  three  vertices  marked  .r,  x’,  and  x",  then  we  have  a 
Hamiltonian  cycle  of  the  Petersen  graph  and  this  is  impossible.  Therefore,  we  have  at  least  two  end¬ 
points  in  each  Hi  and  so  we  have  at  least  2 k  trails.  Since  G*  has  387k  edges,  we  have  a  sequence  of 
graphs  for  which  Hm  =  389k/387k  t  1  +  1/193.5.  Here  it  takes  193.5  edges  to  force  each  trail,  just 
slightly  more  than  it  took  for  our  3-edge -connected  construction. 
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